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Abstract

Quantum annealing is a hardware realization of adiabatic quantum computation
aimed at finding low-energy configurations of Ising/QUBO cost functions and is
available in commercial devices such as D-Wave processors. Reliable assessment
of these machines requires benchmarking that goes beyond “best solution”
and explicitly accounts for strong classical baselines, sampling behavior, and
diversity, and the physical cost of computation, including thermodynamic
efficiency. This dissertation develops such a framework and applies it to
contemporary quantum annealers.

The first contribution is SpinGlassPEPS.jl, a topology-aware tensor-network
heuristic designed for optimization and sampling on quasi-two-dimensional
graphs aligned with QPU connectivity (e.g., Pegasus/Zephyr). The method
reduces problems to local Potts clusters, represents the resulting partition
function with PEPS, and performs a branch-and-bound search in probability
space, with explicit accuracy cost control via parameters such as inverse tem-
perature and bond dimension. Building on this baseline, the thesis reports
head-to-head benchmarks of D-Wave quantum annealers against classical and
quantum-inspired solvers on random spin-glass instances defined natively on
Pegasus and Zephyr graphs, reaching system sizes of several thousand spins
and evaluating both optimization and sampling (including low-energy diver-
sity) using like-for-like metrics. The results establish SpinGlassPEPS.jl as a
physically interpretable reference, while also delineating its limitations: for the
largest random instances, approximate tensor-network contractions introduce
errors that prevent matching highly optimized GPU heuristics at comparable
runtimes, positioning tensor-network methods primarily as topology-aware
analysis and benchmarking tools for small-to-medium scales.

A second pillar is a thermodynamic characterization of quantum annealers
as effective thermal machines, relating computational performance to energy
dissipation, entropy production, and effective temperature along programmable
schedules. This perspective shows that carefully chosen pauses can simultane-
ously improve solution quality/success probability and reduce thermodynamic
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viii ABSTRACT

cost relative to simple reverse annealing, while also identifying regimes in which
an applied longitudinal field becomes detrimental once pausing is introduced.

The third pillar is a practical reinforcement-learning post-processing ap-
proach that treats returned samples as inputs to an RL agent, which learns
spin-flip moves that correct typical error patterns. Once trained, it improves
success probability and energy accuracy and can be integrated as an orthogonal
mitigation layer.

Finally, exact simulations of small-system adiabatic dynamics support
intuition and modeling choices. Comparison to device data suggests that
matching observed output statistics may require stronger effective disorder /noise
than expected, indicating additional error sources or stronger environmental
coupling in the relevant regimes.

Overall, the dissertation argues for benchmarking quantum annealing tech-
nologies using coherent protocols that combine rigorous classical comparators
with metrics capturing both algorithmic performance and physical expenditure.



Streszczenie

Wyzarzanie kwantowe stanowi sprzetowa realizacje adiabatycznych obliczeni
kwantowych ukierunkowana na znajdowanie konfiguracji o niskiej energii dla
funkcji kosztu typu Ising/QUBO. Technologia ta zostala zaimplementowana
w komercyjnych urzadzeniach, takich jak procesory firmy D-Wave. Rzetelna
ocena mozliwoéci tych maszyn wymaga jednak benchmarkingu wykraczajacego
poza analize pojedynczego najlepszego rozwiazania. Konieczne jest uwzgled-
nienie silnych klasycznych punktéw odniesienia, wlasciwosci probkowania oraz
roznorodnodci uzyskiwanych konfiguracji, a takze fizycznego kosztu obliczen,
w szczegolnosci ich efektywnosci termodynamicznej. Niniejsza rozprawa pro-
ponuje spéjne ramy takiej oceny i stosuje je do wspolczesnych wyzarzaczy
kwantowych.

Pierwszym rezultatem pracy jest opracowanie pakietu SpinGlassPEPS. jl
- heurystyki opartej na sieciach tensorowych, przystosowanej do graféw o
strukturze quasi-dwuwymiarowej zgodnej z tacznoscia procesorow QPU (np.
Pegasus i Zephyr). Metoda wykorzystuje reprezentacje¢ funkcji partycji w
postaci sieci tensorowej PEPS oraz przeszukiwanie typu branch-and-bound w
przestrzeni prawdopodobieristwa, umozliwiajac kontrole doktadnosci obliczen
poprzez parametry takie jak odwrotna temperatura czy wymiar wigzania. Na
tej podstawie przeprowadzono bezposrednie poréwnania wyzarzaczy D-Wave z
klasycznymi oraz inspirowanymi kwantowo algorytmami optymalizacyjnymi
dla losowych instancji szkta spinowego zdefiniowanych natywnie na grafach
Pegasus i Zephyr, obejmujacych uktady liczace kilka tysiecy spinow. Wyniki
pokazuja, ze SpinGlassPEPS.jl stanowi uzyteczny i fizycznie interpretowalny
punkt odniesienia w benchmarkingu wyzarzaczy kwantowych, cho¢ w przypadku
najwiekszych instancji jego konkurencyjnosé ograniczaja btedy wynikajace z
przyblizonej kontrakcji sieci tensorowych.

Drugim filarem pracy jest analiza wyzarzaczy kwantowych z perspektywy
termodynamicznej. Urzadzenia te traktowane sa jako maszyny cieplne, w
ktérych wydajno$é obliczeniowa pozostaje powiazana z dyssypacja energii,
produkcja entropii oraz efektywna temperatura w trakcie realizacji harmono-
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gramu wyzarzania. Przeprowadzone badania pokazuja, ze odpowiednio dobrane
pauzy w trakcie wyzarzania moga jednocze$nie poprawiaé¢ jakosé uzyskiwanych
rozwiazan oraz zmniejsza¢ koszt termodynamiczny procesu. Wskazano réwniez
zakresy parametréw, w ktérych obecnosé pola podtuznego przestaje byé ko-
rzystna po wprowadzeniu takich pauz.

Trzecim elementem pracy jest metoda postprocessingu oparta na uczeniu ze
wzmocnieniem. W zaproponowanym podejsciu konfiguracje generowane przez
wyzarzacz wykorzystywane sa jako dane wejsciowe dla agenta RL, ktory uczy
sie wykonywa¢ lokalne operacje odwracania spinéw korygujace typowe wzorce
bledéw. Po wytrenowaniu agent zwicksza prawdopodobienistwo uzyskania
konfiguracji o nizszej energii, poprawiajac jakos¢ wynikéw bez koniecznosci
modyfikacji samego procesu wyzarzania.

Ostatnia czes¢ pracy obejmuje doktadne symulacje adiabatycznej dynamiki
niewielkich uktadéw kwantowych, ktore pozwalaja lepiej zrozumie¢ mechanizmy
dziatania wyzarzania kwantowego oraz skonfrontowaé¢ modele teoretyczne z
danymi eksperymentalnymi. Uzyskane wyniki sugeruja, ze odtworzenie obser-
wowanych statystyk wyjsciowych moze wymagaé przyjecia wiekszego poziomu
efektywnego szumu, co wskazuje na dodatkowe zZrodta bltedéw badz silniejsze
sprzezenie uktadu ze srodowiskiem.

Uzyskane wyniki wskazuja, ze wiarygodny benchmarking technologii
wyzarzania kwantowego powinien opiera¢ sie¢ na spoéjnych protokotach
poréwnawczych, taczacych silne klasyczne punkty odniesienia z analiza zaréwno
wydajnosci obliczeniowej, jak i fizycznego kosztu obliczen.



Introduction

The concept of quantum computation originated in the early 1980s, when R.
P. Feynman and D. Deutsch independently proposed exploiting the principles
of quantum mechanics to perform computations beyond the capabilities of
classical devices [6, 7|. Since then, the field has evolved into a distinct research
discipline, encompassing both theoretical formulations of quantum algorithms
and the experimental realization of quantum computing by specifically designed
controllable quantum systems. These systems, which utilize quantum phenom-
ena such as superposition and entanglement, offer a fundamentally different
computational paradigm than classical devices |8]. Harnessing these properties
opens the possibility of significant computational breakthroughs in domains
such as combinatorial optimization, quantum simulation, and cryptography [9—
11].

Among the various models of quantum computation, quantum annealing
constitutes a physically motivated approach based on the adiabatic theorem of
quantum mechanics [12|. It aims to find the ground state of a problem Hamil-
tonian that encodes an instance of an optimization problem [13, 14]. Quantum
annealing, as an implementation of adiabatic quantum computation [15], has
proven particularly suitable for optimization tasks and has been realized exper-
imentally in commercially available devices, such as those produced by D-Wave
Systems [16].

Parallel to the development of quantum hardware, there has been substantial
progress in quantum-inspired classical algorithms, i.e., methods that draw
inspiration from quantum mechanics to enhance classical optimization and
sampling techniques [17-19]. These approaches are particularly important, as
they provide a valuable baseline for benchmarking quantum devices.

Benchmarking constitutes an indispensable component of contemporary
quantum computing research [20-22|. It enables systematic comparison be-
tween quantum annealers, quantum-inspired classical solvers, and traditional
optimization algorithms. Comprehensive benchmarking efforts must consider
not only computational performance, such as solution quality, time-to-solution,

x1



xii INTRODUCTION

and success probability, but also the physical aspects of these devices, including
thermodynamic efficiency.

Another critical aspect of current research concerns mitigating noise and
imperfections inherent to quantum hardware. FError correction and error
mitigation techniques are essential for enhancing computational reliability and
accuracy. While fully fault-tolerant quantum computation remains beyond
the scope of existing annealing-based architectures, targeted error mitigation
strategies can substantially improve their performance.

This thesis is devoted to the assessment of quantum annealers, the de-
velopment and implementation of a tensor-network-based algorithm, and the
investigation of the physical and thermodynamic properties of quantum anneal-
ing devices.

Contributions The main contributions of this thesis are:

e A topology-aware tensor-network software package and heuristic (Spin-
GlassPEPS.jl) for optimization and sampling on quasi-two-dimensional
graphs aligned with QPU connectivity.

e A benchmarking methodology and head-to-head evaluation of quantum
annealers against classical, quantum-inspired, and tensor-network base-
lines using like-for-like metrics on relevant instance families.

e A thermodynamic characterization of quantum annealers as effective ther-
mal machines, linking computational performance to physical expenditure
and enabling schedule assessment via efficiency measures.

e A reinforcement learning post-processing approach for improving returned
samples and mitigating effective errors without changing the anneal.

e Exact unitary simulation of small D-Wave annealing instances used
to check quantitative agreement between simulated and experimentally
observed output distributions.

Overall, the thesis aims to provide a coherent framework for benchmarking
quantum annealing technologies in which performance claims are supported
by strong classical baselines and complemented by an explicit accounting of
physical cost.



LAYOUT OF THE THESIS xiil

Layout of the thesis

The thesis begins in Chapter 1 by establishing the problem setting: the classical
Ising model and its QUBO counterpart are introduced, notation is fixed,
and baseline concepts and algorithms used throughout the dissertation are
summarized.

Background material on adiabatic quantum computation and quantum
annealing is presented in Chapter 2, with emphasis on the operational character-
istics and constraints of D-Wave devices that are most relevant for experimental
evaluation and benchmarking.

A baseline is developed in Chapter 3 through SpinGlassPEPS. j1, a tensor
network based heuristic for optimization and sampling of Ising-like problems.
The chapter details the underlying methods, the modular software design, and
illustrative examples, motivated by the need for transparent, topology-aware
classical comparators.

Benchmarking results are reported in Chapter 4, where quantum annealers
are compared with selected classical solvers, including tensor-network and
quantum-inspired approaches. The chapter defines the benchmarking protocol,
instance families, and evaluation metrics (e.g., best energy /approximation ratio,
success probability, time-to-solution, and diversity of low-energy samples) to
ensure controlled, like-for-like comparisons.

Thermodynamic aspects are examined in Chapter 5 by modeling a quan-
tum annealer as an effective thermodynamic machine. This analysis connects
solution quality and success probability to thermodynamic cost, providing a
schedule-evaluation viewpoint that complements purely computational perfor-
mance measures.

Post-processing as an error-mitigation technique is investigated in Chapter 6
using a reinforcement learning agent designed to improve solutions produced by
a quantum annealer. The method is interpreted as mitigating effective errors
observable in the returned configurations and is evaluated empirically.

To support intuition about annealing dynamics and validate selected mod-
eling choices in classically tractable regimes, exact simulations of adiabatic
quantum evolution for small systems are presented in Chapter 7.

The dissertation concludes in Chapter 8 by summarizing the main findings,
discussing limitations, and outlining directions for future work.






Chapter 1

Classical Ising Model and
QUBO Problem

The classical Ising model [23, 24| is simultaneously a foundational model of
collective behaviour in statistical physics [25-32] and a universal intermediate
representation for a large class of discrete optimization problems [33-39]. This
dual role makes it an ideal technical substrate for benchmarking quantum
annealing technologies: D-Wave processors natively implement programmable
transverse-field Ising Hamiltonians, while many real-world tasks can be reduced
to equivalent quadratic binary objectives. Consequently, by expressing problems
in the Ising/QUBO language, we can compare different solvers, such as quantum
annealers, quantum-inspired Ising machines, and classical algorithms, on exactly
the same cost function and with controlled, like-for-like evaluation metrics.

At the same time, “benchmarking an Ising machine” is not just bench-
marking an optimizer. In practice, these devices are also stochastic samplers
whose output statistics reflect a competition between the programmed energy
landscape, finite-temperature effects, and implementation imperfections. A
careful introduction must therefore cover both viewpoints: (a) ground-state
search as an NP-hard optimization problem [40], where time-to-solution and
best-energy metrics are natural, and (b) statistical descriptions via the partition
function, where sampling quality, low-energy diversity, and thermodynamic
notions become meaningful and later connect to energy-efficiency analysis. This
chapter establishes the shared notation and conceptual bridge that the rest of
the thesis repeatedly relies on: the same Hamiltonian will be used to define
benchmark instance families and to construct strong, topology-aware classical
baselines.

Concretely, this chapter: (i) defines the Ising model on general graphs, fixing
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conventions used throughout the dissertation and introduces the Gibbs distribu-
tion and partition function as the statistical-mechanics backbone needed later
for thermodynamic characterization (1.1); (ii) presents the QUBO formulation
and the explicit Ising—QUBO mapping, which is the standard interface used
by optimization software (1.1); and (iii) reviews representative classical meth-
ods for low-energy search that serve as baselines in subsequent benchmarking
chapters (1.2).

1.1 Classical Ising model

We will formulate the classical Ising model using graph-theoretic notation.
Let G = (V,E) be a simple graph with |[V| = N vertices. To each vertex
i € V we associate a binary spin variable s; € {—1,+1} and a real parameter
h; € R representing a local external field (often referred to as a bias in the
optimization literature). A spin assignment s = (s1, S2,...,Sn) is called a state
or configuration. To each edge (i,7) € E we assign a real coupling J;; € R that
quantifies the interaction (coupling) strength between spins s; and s;. The
energy function (Hamiltonian) H : {—1,+1} — R is then defined by [41]:

H(S) = Z Jij57;5j + Z his;. (1.1)
(ij)EE icV
In the literature, several alternative conventions for the Ising Hamiltonian
can be found. These formulations differ only by simple transformations, and
they are all equivalent up to rescaling of the parameters h; and J;;. The
convention adopted in equation (1.1) is the one most commonly used in the
quantum annealing literature and will be employed throughout this work.
We will consider the general Ising model defined on an arbitrary graph, in
which the parameters h; and J;; can take any real values. Such models are
often referred to as spin glasses [35].

Example 1.1. Let’s consider an Ising model instance defined on the complete
graph K3 and given by the Hamiltonian:

H(s) =s1 — sa+ 1.5s3 + s182 + 0.5s153 — 0.75s283 (1.2)
For the state s = (—1,1,1) the instance 1.2 has energy H((—1,1,1)) = —2.75.

Many properties of the classical Ising model follow from its partition function.
Let S = {—1,1}* denote the set of all spin configurations and let H(s) be the
Hamiltonian in Eq. (1.1). The partition function is defined as:
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Figure 1.1: Symbolic representation of an example Ising spin glass system. It’s defined
on a 4 x 4 lattice graph with N = 16 vertices. Here, the configuration of each spin is
represented by a blue arrow pointing upwards (+1) or a red arrow pointing downwards
(—1). Additionally, h; € R is the external field acting on the ¢—th spin and J;; denotes
coupling strength between spins 7 and j.

Z =Y e PH0), (1.3)

seS

where 3 = (kgT)~! is the inverse temperature. Throughout this thesis we
set kg = 1, s0 f = 1/T and T should be interpreted as an effective (dimen-
sionless) temperature. The partition function normalizes the corresponding
equilibrium distribution, i.e., the probability of observing configuration s at
inverse temperature /3 is given by the Boltzmann (or Gibbs) distribution [42]:

In particular, this distribution allows us to describe thermodynamic prop-
erties, which we further investigate in Chapter 5. Finally, the limiting cases
connect statistical physics to optimization: as 8 — 0 the distribution becomes
approximately uniform over S, whereas as § — oo it concentrates on low-energy
configurations of H.

A common problem associated with the Ising model is to find a state s* that
minimizes the Hamiltonian H(s) from equation (1.1). Such a configuration is
called the ground state, and is usually very hard to find. This is the bridge that
connects the statistical physics model to combinatorial optimisation, which is
central to this thesis. The problem of finding the ground state will be analyzed
in detail in section 1.2.

Connection to QUBO problem

Quadratic Unconstrained Binary Optimization (QUBO) is a mathematical
model for combinatorial optimization problems [43]|. As the name suggests, it
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concerns quadratic dependencies among variables, no constraints, and binary
variables. This description encompasses a surprisingly large class of problems,
such as MAX-CUT, the traveling salesman problem, or job shop scheduling |36,
38].

Formally, given a N x N matrix of coefficients ), the QUBO objective can
be written as:

r*=arg min FE 1.5
z_min | Fouso(a), (15)
EQUBO( = QO Z Qllxl + Z ng-rz-r]a (1-6)

1<i<j<N

where we used the fact that 2? = x; to keep linear terms on the diagonal. If
a full symmetric matrix @) is provided, it is common to fold it into an upper-
triangular representation by adding symmetric entries, so that each unordered
pair {4, j} is represented once.

Solving QUBO is equivalent (up to an additive constant) to finding the
ground state of a general Ising model. The equivalence follows from the standard
change of variables:

s;+1
€T = 2 )

s; = 2x; — 1. (1.7)

Ising — QUBO. Consider the Ising Hamiltonian from Eq. (1.1). Substituting
si = 2x; — 1 and collecting terms yields a QUBO of the form (1.6) with
coefficients:

Qij = 4Jij, (1.8)
Qii = 2h; — 22 Jij- (1.9)
J#i

The transformation introduces an additive constant:

N
Crag=> Jij—> hi (1.10)
=1

1<j

which does not affect the minimizer but shifts objective values.
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QUBO — Ising. Conversely, given QUBO coefficients {Qi;, Qs } (for i < j),
substituting x; = (s; + 1)/2 gives an Ising Hamiltonian with:

1
Jij = ZQ”’ (1.11)

1 1
h; = §Qn’ +7 ;sz- (1.12)
G

Again, an additive constant appears:

N
1 1
Car =3 7Qu+)_5Q (1.13)
1<J =1
In summary, QUBO and Ising are equivalent optimization problems (they
share the same argmin under (1.7)), while their objective values differ by a
constant shift given in (1.10) or (1.13).

Example 1.2. Consider an instance from the previous example (1.1). When
transformed to QUBO:

EQUB()(:IJ> = —x1 — 2.529 + 3.5x3 + 4x129 + 22123 — 3X223,

(1.14)
Crq = —0.75.

If we calculate energy for the state & = (0,1,1), which corresponds to the
state s = (—1,1,1) from the previous example, we get E((0,1,1)) = —2.
Only after adding the offset constant Cr_g do we get the correct result
E(x) + Crg = —2.75.

1.2 Problem of finding the ground state

A central computational task associated with the Ising model is the determi-
nation of its ground state, i.e., a configuration s* € S minimizing the energy
H(s) in Eq. (1.1). While several restricted cases admit exact solutions, for
example, the one-dimensional Ising chain [23] and the two-dimensional model
with zero external field (h; = 0) [44], the problem is intractable in general.
More precisely, finding a ground state of an arbitrary Ising spin glass on a
general graph is NP-hard [40]. Consequently, assuming P # N P, there is no
polynomial-time algorithm that can both find and certify a ground state for
all instances. This motivates the use of heuristic and approximation methods
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in practical settings, as seen in the benchmarking studies presented in later
chapters. By the standard Ising-QUBO correspondence, ground-state search is
equivalent to solving the associated QUBO minimization problem.

The importance of this formulation stems from the fact that many discrete
optimization problems can be expressed as QUBO/Ising instances. Canonical
examples include Karp’s 21 NP-complete problems [35, 45] as well as widely
studied tasks such as the traveling salesman problem [39], portfolio optimiza-
tion [37], and protein folding models [34]. This expressive power makes the
Ising/QUBO formalism a convenient common framework for benchmarking
combinatorial-optimization solvers.

A broad spectrum of algorithms exists for Ising/QUBO optimization, rang-
ing from exact methods to scalable heuristics and physics-inspired approaches.
In the remainder of this chapter, we will present some of those classical baselines
that will later serve as reference points when evaluating quantum-annealing
hardware and a novel tensor-network approach in Chapter 4.

Exhaustive search

The most direct approach to a combinatorial optimization problem is exhaustive
search: evaluate the objective for every candidate solution and return the best
one. For Ising/QUBO instances with N spins (binary variables), the search
space has size |S| = 2N Consequently, the runtime grows exponentially with
N, and exhaustive enumeration becomes impractical already for moderately
sized instances. In practice, even problems with N =~ 50-60 variables are
typically out of reach without highly specialized implementations and significant
computational resources.

Despite this limitation, exhaustive methods remain an active area of devel-
opment because they provide an unambiguous reference for optimality. Recent
work improves constant factors by: (i) traversing the configuration space using
Gray codes to reduce update costs between successive configurations and (ii)
exploiting the massive parallelism of GPU architectures to increase the rate
of energy evaluations [46, 47|. These advances do not change the exponential
scaling but can extend the range of instances that can be solved exactly.

Exhaustive search is also one of the few approaches that guarantees finding
a ground state and therefore supports exact certification. Other exact frame-
works include branch-and-bound (with strong bounding rules) [48], branch-and-
cut [49], and selected tensor-network approaches [50]. All of these methods,
however, still exhibit exponential worst-case complexity in the general case.

Finally, exhaustive enumeration plays a practical role in benchmarking:
whenever feasible, it serves as a gold standard for validating solutions returned
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by heuristic solvers and for quantifying suboptimality in controlled small-scale
experiments.

Branch and bound

Branch and bound (B&B) is a general framework for exact discrete optimization
based on exploring a search tree of subproblems while pruning regions that
can be proven incapable of improving the best solution found so far. In the
Ising/QUBO setting, each node of the tree corresponds to a partial assignment
of spins (binary variables). Branching creates children by fixing an additional
variable (or a small block of variables), thereby partitioning the remaining
configuration space into smaller subproblems. For each node, one computes
a lower bound on the minimum energy attainable by any completion of the
partial assignment. If this bound is not better than the energy of the current
incumbent solution, the entire subtree can be discarded without affecting
optimality. When the search terminates, the incumbent is guaranteed to be a
global ground state (or global optimum in the QUBO form) [51, 52].

The practical performance of B&B is dominated by the bounding step:
tighter bounds yield more pruning but are often more expensive to compute [52].
For Ising/QUBO problems, bounds can be derived from relaxations (e.g.,
linear or semidefinite) [53], problem decompositions [48|, or structure-specific
arguments exploiting limited connectivity [54]. Nevertheless, B&B retains
exponential worst-case complexity on general graphs, and its efficiency depends
strongly on the instance family and parameter regime [55].

Heuristic B&B. If the requirement of certified bounds is relaxed, the same
search-tree viewpoint leads to a practical heuristic (sometimes referred to as
beam search [56]). At each depth d of the tree one keeps only a fixed number M
of the most promising partial assignments. Concretely, each retained node is
branched by assigning one additional variable, generating a pool of candidates.
These candidates are ranked by a computationally cheap score, for example, the
energy of a partial state. Only the top M candidates are kept, and the remainder
are discarded. The procedure is iterated until all variables are assigned, yielding
up to M complete configurations that approximate low-energy states of the
original Hamiltonian [41].

The parameter M controls the trade-off between computational cost and
search breadth: increasing M reduces the risk of discarding globally optimal
branches but increases runtime and memory. For simple per-extension scor-
ing rules, the dominant cost scales approximately as O(M N) energy-update
operations, multiplied by the cost of the chosen scoring/estimation routine.
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This heuristic perspective is useful in this thesis because it provides a
common template for combining search with physics-informed estimators. In
particular, in Chapter 3 we describe SpinGlassPEPS. j1, where tensor-network
contractions provide informative estimates for partial assignments, enabling
both approximate optimization and sampling of Ising/QUBO models within a
heuristic branch and bound framework [1, 2|.

Simulated annealing

Simulated annealing (SA) is a stochastic optimization heuristic inspired by
thermal annealing in statistical physics. In the Ising/QUBO setting, SA can be
viewed as a Markov-chain Monte Carlo procedure that performs local updates
while gradually decreasing the temperature T' (equivalently, increasing the
inverse temperature ). By slowly varying 7', SA biases the search toward
low-energy configurations and, in favorable cases, toward ground states [57,
58|.

In its basic form, SA maintains a current configuration s and repeatedly
proposes a neighboring configuration s’ ~ neighbor(s). For Ising models,
the standard neighborhood is a single-spin flip (s; — —s;), and for QUBO,
an analogous single-bit flip. Writing AE = H(s') — H(s), the Metropolis
acceptance rule is:

1, if AE <0,

‘ (1.15)
exp(—PBAE), otherwise.

P(B,AFE) = {

Hence, downhill moves (AE < 0) are accepted deterministically, while
uphill moves are accepted with a probability that decreases with both AFE
and . The behavior of SA is governed by three design choices. First, the
temperature schedule {T}} determines how quickly the algorithm transitions
from exploratory to exploitative dynamics. Common choices include geometric
schedules (Tj+1 = aT}) and other monotone schedules [59]. Second, one must
choose the number of Metropolis updates performed at each temperature.
Third, a stopping criterion specifies when the run terminates, e.g., after a fixed
computational budget, after a target Ti,ax is reached, or after the acceptance
rate (or best energy) stabilizes.

Although SA is primarily used as a heuristic in practice, it is worth not-
ing that sufficiently slow cooling schedules can yield theoretical convergence
guarantees under standard assumptions (at the cost of impractically long run-
times). In this thesis, we employ the basic single-variable Metropolis SA as a
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classical baseline for Ising/QUBO ground-state search, with the schedule and
neighborhood specified by the functions schedule and neighbor.

SA is also straightforward to parallelize. A simple strategy is to run multiple
independent replicas (independent Markov chains) in parallel, each initialized
from a different random configuration. This increases the probability of finding
low-energy states under a fixed number of annealing steps.

Algorithm 1: Simulated annealing for Ising model

Data: Initial configuration S;,;;, initial temperature 7Ty, number of
steps K, number of repetitions M
Result: Approximate solution to the ground state problem
// Initialization
1T« Tp;
2 S < Sinit;
3 for k = 0 to K do

4 for m = 0 to M do

5 S’ + neighbor (S);

6 E' « E(S");

7 AFE « E(S) — E(S);

8 if AE <0 then

9 ‘ S+ S
10 else

11 r < random(0, 1);

12 8+ %;

13 if r < exp (—BAE) then
14 ‘ S« S

15 end

16 end
17 end
18 T < schedule(T) // Update temperature
19 end

20 return S // Return the best found solution

Parallel annealing

Parallel Annealing (PA) is a quantum-inspired classical heuristic that is highly
parallelizable. It was originally demonstrated on an analog memristor crossbar
architecture [19, 60|, but its update rule consists of vector-matrix operations
and elementwise nonlinearities, making it also well suited for efficient GPU
implementations.
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PA constructs a time-dependent auxiliary objective that interpolates be-
tween an easy energy landscape and the target Ising Hamiltonian. Following [19],
one introduces continuous variables & € RY and defines the binary spin config-
uration by projecting those variables into the binary (£1) domain. The easiest,
but not the only, method is to use the sign() function. The central object is
the scheduled system Hamiltonian:

Hsystem = Hlsing =+ )\(t) Hipitial, (116)

where A(t) is decreased from a large value to 0 during the run. The initialization
term is typically chosen as:

Hipitial () = 5 Zfﬁf, (1.17)

so that for large A(t) the dynamics are dominated by a simple convex objective.
As A(t) — 0, the optimization progressively focuses on the target Ising energy.
This construction mirrors the interpolation idea of adiabatic evolution (Chap-
ter 2), but in PA the trajectory toward low energy is enforced algorithmically
by gradient descent [61] rather than arising from physical adiabatic dynamics
(cf. [12]).

A direct gradient method is obstructed by the discontinuity of the spin
variables. PA therefore employs a straight-through estimator (STE) [62, 63].
A core idea of the STE is to maintain a full-precision “latent” variable that
serves as a proxy for a binary variable. The latent value is binarized in both
the forward and backward passes to compute the gradient, which is then used
directly to update the underlying full-precision latent variable. The analog spin
variable x; serves as a proxy for the spin.

To implement the STE algorithm for the system described by (1.16), we
first projected the analog spin variable & onto the binary domain using a sign()
function to obtain the spin configuration. We then used s to compute the
gradient of the system Hamiltonian. Under this method, the gradient used for
updates can be written as [19, 64]:

v-Hvsystem = vL[Ising + A(t)VHinitial = —Jsh + )\(t)ilﬁ, (118)

in the common case of symmetric couplings (Hermitian J) with minus sign
convention. In general setting, the gradient V Hygng = (J + J s+ h.
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Figure 1.2: Schematic representation of parallel annealing algorithm. The analog spin
variables x are projected onto the binary domain using the sign function. Thus, the
obtained real spin configuration s is used to calculate the gradient and update the
analog variables. This process continues until a specified number of steps is reached.

To stabilize and accelerate convergence, PA adopts standard stochastic op-
timization techniques, including clipping and momentum [19, 65, 66]. Clipping
constrains the analog variables to a bounded domain:

clip(z,—1,1) = max(—1, min(1, z)), (1.19)

preventing numerical divergence. With momentum, one updates:

m(t+1)=pm(l) -« Vo Hsystem, (1.20)
x(t+1)=x()+m(t+1), (1.21)

where « is the step size and § is the momentum parameter (often chosen to be
1 — «). In practice,  and m are clipped after each update to avoid explosion.

Below, we present pseudocode for the parallel annealing algorithm. The
schedule function is a function that governs the values and interpolation of

A(t).
Simulated bifurcation

Simulated bifurcation (SB) is a physics-inspired heuristic for Ising/QUBO
optimization based on the dynamics of a network of parametrically driven
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Algorithm 2: Parallel annealing for Ising model

Data: Step size a, Momentum parameter 3, Number of steps K,
Number of trajectories M
Result: Approximate solution to the ground state problem

1+ 0;// Initialize spin variable in ground state of
Hinitial
2 m<0;// Initialize momentum at O
3 s < random_state() ; // Initialize random state
4 fort=0to K do
5 A < schedule(?);
6 V < calculate_gradient(s,x, \);
// as in equation (1.18)
7 m<+ Bxm—axV;
8 m < clip(m,—1,1);

T xT+m;
10 x + clip(x,—1,1);
11 S < projection(x);

12 end
13 return s // Return the solution

nonlinear oscillators. The method was proposed as a classical analog of adiabatic
optimization, where the target Ising instance is encoded in coupling terms of
an effective Hamiltonian and a slowly varying parameter induces a bifurcation
that selects one of 2V stable configurations [17]. In this thesis, we focus on
the practically useful discretized variant, Discrete Simulated Bifurcation (dSB),
which introduces explicit discretization steps [18].

Full derivation of relevant equations can be found in [17|. Here we will
focus more on the overall picture and relevant intuitions. One can think of this
algorithm as encoding the given Ising optimization problem as a dynamical
system of oscillating particles, where each one is described by position x; and
momentum ;. This system is described by the classical Hamiltonian:

a ag — a(t
Mo = 20302 + OS2 by (), (1.22)
7 7

ap > 0 and ¢y > 0 are hyperparameters, a(t) is a continuous function going
from 0 at t = 0 to ag at t = 7, where 7 is total time. Function Hj(x) is
reformulation of Ising model as:
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N
1

H[(CU) == —§ZJZ"]'1‘7;$]' — Zhﬂ?l (123)

i, i

The evolution of Hgpn described by the following differential equations:
0
i‘i = }ésy]jM = apyi, (1.24)
N
. OHspum

Ji= g = —[ao — a(t)]zi + o ;Jijxj +hi . (1.25)

The system’s nonlinearity is introduced in two places. First, we add a sign
function to the Ising gradient, replacing x; with sign(x;). The new derivative
has the following form:

N
z-/;lonlinear — _[a(] _ a(t)]$i + ¢o Z Jijsign(xj) +h; . (126)
j=1

We will drop the superscript in the rest of the text and use the nonlinear form
of the y derivative.

Another source of nonlinearity arises from a perfectly inelastic wall at
|z;] = 1. That is, if in any moment of the system’s evolution |z;| > 1, we
replace x; with its sign, sign(z;) = 1, and set y; = 0. It can be thought of as
a particle hitting a wall and sticking to it. It can be realized by the function:

(sign(z;),0), if x| > 1,
wall(z;, yi) = { (i, 9i), othe‘rwise. (1.27)
The mechanism of SBM is as follows. When a(t) is gradually increased
from 0 to a sufficiently large value ay, each oscillator exhibits a bifurcation with
two stable branches whose positions are given by [17] £1/(as — a,)/K, where
K is a positive coefficient. Consequently, the final potential energy has 2V
minima corresponding to spin configurations. If a(t) varies slowly enough, the
state will follow one of the potential energy minima. Assuming that minima
associated with lower final energies emerge earlier in the evolution and remain
energetically below those corresponding to higher final energies, we expect the
system to settle in a minimum with a comparatively low final energy. Thus,
we will find a low-energy approximate solution.
To implement the SBM algorithm, we must solve the aforementioned

differential equations (1.24) and (1.25). This can be done numerically using
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the symplectic Euler method. This method works here because SB is based
on Hamiltonian dynamics, and the symplectic Euler integrator is the simplest
explicit, structure-preserving, and hardware-friendly integrator that maintains
the stability of these dynamics [67]. The updating rule is as follows:

Yi(tn+1) = vi(tn) + (=lao — a(tp)]zi(tr) + coG(x(tn+1))) At, (1.28)

wi(tn—i-l) = .Z‘Z(tn> + aoyi(tn)At. (1.29)

Here, G(x(tp41)) is gradient of the Ising Hamiltonian defined as:

N
C(@(tner) = 3 Jysign(a;(tusn)) + hi. (1.30)
j=1

Ay is the time step and ¢ is the discretized time satisfying tg = 0 and 511 =
tr + A;. The hyperparameters are typically set as ag = 1 and ¢y = 2‘\7/%0, with

o the standard deviation of the off-diagonal elements of J. Value of ¢ is based
on a random-matrix estimate for the largest eigenvalue of J [68] and its role is
to guide the strength of the gradient upgrades in relation to the energy scale of
matrix J.

The dSB updates are dominated by dense/sparse matrix—vector products of
the form . J;; sign(z;) and by elementwise operations (sign and wall), which
map efficiently to GPU kernels. Moreover, the dynamics can be chaotic and
sensitive to initial conditions, so practical deployments typically run many
independent replicas with different initializations in parallel and return the
best (lowest-energy) solution observed [18].

Example 1.3. Let us conduct a simple benchmarking example to compare
the methods described above. We have randomly generated 10 small instances
with N = 30 spins. We will compare the time needed to obtain an optimal
solution for each instance (which we can certify due to the small instance
size). More formally, we used the time-to-solution metric (Eq. 4.1) described
in detail in Chapter 4. We must stress that this isn’t a formal benchmark but
a demonstrative example of the algorithms presented in this chapter.

This example shows the different behavior of the presented algorithms. The
simulated annealing results show significant differences across examples due to
the relatively low probability of finding the ground state in a given sample.
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Algorithm 3: Simulated bifurcation for Ising model

Data: Parameters: ag, co, At, Function a(ty), Total time T
Result: Approximate solution to the ground state problem
x + 0;
y < random_vector(-0.1, 0.1) ; // Initialize uniform random
vector
for k=0to T do
calculate y(tg41);
calculate z(tgy1);
Y(tkr1), T(tpsr) < wall @ (tpe), y(tie)) 5
end
8 < binarize(z(tr));
return s // Return the solution

N =
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Figure 1.3: Time to obtain ground state for each instance. Due to the small size of the
instances, we were able to certify the ground state using exhaustive search. For brute-
force, we used GPU acceleration [46], as CPU-only time was two orders of magnitude
higher (around 2 hours). With the rest of the solver, we used CPU-only versions.
We used the time-to-solution metric (Eq. 4.1), which accounts for the probability of
obtaining the ground state in the given sample. Each heuristic solver was run with
the same number of steps and sample size.
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1.3 Summary

The classical Ising model offers a unified framework for both statistical physics
and combinatorial optimization. In this chapter, we defined the model on
arbitrary graphs, introduced its thermodynamic formulation via the partition
function and the Boltzmann distribution, and established its equivalence to
a QUBO via a simple variable transformation. This equivalence makes the
ground-state problem a natural target for algorithmic and hardware approaches.

We then reviewed algorithmic baselines for ground-state search. Beyond
exhaustive enumeration, heuristic branch-and-bound variants offer structured
exploration with pruning; simulated annealing provides a temperature-driven
stochastic search; simulated bifurcation leverages the dynamics of nonlinear
oscillators, and parallel (quantum-inspired) annealing exploits gradient-like
updates with high parallelism. These methods provide practical references and
complementary strengths. They sit alongside other established solvers—e.g.,
tabu search and related local-improvement metaheuristics, digital MIP /CP-
based solvers (as in modern B&B /branch-and-cut frameworks), coherent Ising
machines, and message-passing or tempering strategies—which together form
the classical and physics-inspired landscape against which specialized hardware
should be compared.

Finally, this discussion motivates an alternative approach to solving Ising
instances: adiabatic quantum computation, implemented as quantum annealing.
The next chapter introduces AQC/QA and hardware embodiments (notably
D-Wave systems), positioning them within the same Ising/QUBO framework
to enable apples-to-apples benchmarking against the classical baselines summa-
rized here.



Chapter 2

Adiabatic Quantum
Computation and Quantum
Annealing

In the previous chapter, we formulated the task of finding the ground state of
an Ising Hamiltonian, an NP-hard combinatorial optimization problem, and
reviewed classical heuristics commonly used in practice. Despite substantial
progress, no classical method provides a decisive solution to this problem. This
motivates the exploration of quantum computation, a distinct computational
paradigm that exploits quantum-mechanical dynamics to process information
and, in some settings, to offer advantages for optimization, sampling, and
simulation.

Quantum computation is commonly divided into two paradigms: digital
and analog. Digital quantum computation, also known as the gate model,
represents algorithms as sequences of discrete unitary gates acting on qubits,
closely mirroring classical circuit-based computation [8]. In contrast, analog
quantum computation leverages the continuous-time evolution of a controllable
quantum system whose Hamiltonian is engineered so that its dynamics encode
the problem of interest [69]. A prominent model within the analog paradigm is
adiabatic quantum computing (AQC), which is the focus of this chapter.

This chapter introduces the AQC framework and its practical realization
in quantum annealing (QA) hardware, with emphasis on aspects critical for
benchmarking. In particular, we discuss the mapping between Ising/QUBO
formulations and hardware-implementable Hamiltonians, annealing schedules
and control parameters, and major non-idealities such as finite-temperature
and open-system effects, integrated control errors, and the embedding overhead

17
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imposed by limited device connectivity. These considerations are essential for
interpreting empirical performance and for designing fair comparisons between
quantum annealers and classical baselines.

2.1 Adiabatic quantum computation

Building on previous work [13|, Farhi et al. |70] proposed a continuous-time
quantum algorithm for solving classical optimization problems based on the
adiabatic theorem [12, 71]. This proposal initiated the model of adiabatic
quantum computation (AQC) [72], in which a quantum system is steered
from an easily prepared ground state to (approximately) the ground state of
a problem Hamiltonian that encodes the solution. AQC is computationally
equivalent to the standard gate-based (circuit) model up to polynomial overhead
in resources [73], establishing it as a universal model of quantum computation.

In AQC, the computational output is obtained by measuring the final
state of an evolution generated by a slowly varying Hamiltonian. One begins
with an initial (driver) Hamiltonian Hinix whose ground state |¢g) can be
prepared efficiently, and defines a problem Hamiltonian Hproplem Whose ground
state encodes the optimal solution. The system Hamiltonian is then deformed
continuously from Hinit to Hproblem Over a total runtime 7. Introducing the
reduced time s = t/7 € [0, 1], a common choice is the linear interpolation [15,
73]

although more general schedules are often employed in practice.

Let A(s) = E1(s) — Eo(s) denote the instantaneous energy gap between
the ground state and the first excited state of H(s), and define Ay, =
mingep,1) A(s). In the idealized closed-system setting, the adiabatic theorem
implies that if 7 is sufficiently large relative to problem-dependent scales
determined by A, and the rate of change 9sH(s), the state remains close to
the instantaneous ground state throughout the evolution. Consequently, the
final state |¢(7)) approximates the ground state of Hproblem, and a measurement
in the computational basis yields the desired solution with high probability |15,
70, 74].

AQC is motivated by the quantum adiabatic theorem. We do not state the
theorem in its most formal form here, precise statements with explicit error
bounds and regularity assumptions can be found in [12, 14, 15, 71, 74]. Instead,
we present a standard informal version sufficient for intuition.
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Figure 2.1: Example energy paths of adiabatic evolution. The expression FE,(s)
represents the instantaneous energy of n-th excited state with Ey(s) denoting the
ground state.

Let H(s) be a smooth interpolation as in Eq. (2.1), with reduced time
s=t/T €]0,1], and let [1)p(s)) denote the instantaneous ground state of H(s)
with eigenvalue Ey(s). Assume that the ground state is non-degenerate for all
s € [0,1], and that it is separated from the rest of the spectrum by a strictly
positive gap:

A(s) = Bi(s) — Eo(s) >0,  seo,1], (2.2)

where F(s) is the first excited energy. If the system is initialized in |¢y(0))
and evolves according to the Schrédinger equation

. d
1o (@) =H() [D(1)), (2.3)

then, in the closed-system setting, sufficiently slow evolution guarantees that
the final state remains close to the instantaneous ground state at s = 1. A
commonly quoted sufficient scaling condition [74] is

maXse(o,1] HasH(S) H

T> , Amin = min_ A(s), (2.4)
Az, T seo]
where || - || denotes the operator norm.! In other words, under suitable smooth-

'Rigorous bounds include prefactors and, depending on the chosen formulation, may also
involve higher derivatives of H(s) and stronger gap dependence. Eq. (2.4) should therefore
be interpreted as an order-of-magnitude guide rather than a tight runtime predictor [14, 15,
74].
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ness and gap conditions, a system starting in the ground state of H(0) approxi-
mately follows the ground-state branch of H(s) during the interpolation and
ends near [¢y(1)).

2.2 Quantum annealing

Quantum annealing (QA) is a realization of adiabatic quantum computation,
tailored specifically to finding low-energy states of Ising/QUBO cost functions.
In contrast to AQC as a universal model of computation, QA is primarily
used as an optimization and sampling heuristic whose output is a classical spin
configuration obtained by measurement at the end of the evolution [13].

The standard QA model is based on a transverse-field Ising Hamiltonian:

N
H(s)=T(s)Y of + > Jijoioi+ Y hioy, (2.5)
=1

<i,j>€E icV

where o7 and o} denote Pauli operators acting on qubit ¢. o} defines the com-
putational basis in which the Ising problem Hamiltonian is diagonal, with eigen-
values £1 corresponding to classical spin values, while o is the transverse-field
(driver) operator that induces quantum fluctuations and mediates transitions
between o*-basis states. More details can be found in Appendix A. I'(s) € R
is a parameter that controls the strength of the transverse field (intuitively, it
can be understood as a "quantumness" parameter [14]). It is assumed that
I'(0) has a high value and I'(1) ~ 0. Additionally, ¢ and j indicate the indices
of sites, N is the number of spins, J;; is an interaction between neighboring
sites, h; is the external field, and s = ¢t/7 denotes normalized time.

At the beginning of the anneal (s ~ 0), the driver term ), 0¥ dominates,
and the ground state is the product state:

1

V2

i.e., an equal-weight superposition over all o*-basis configurations. During the
anneal, I'(s) is decreased, so that the final Hamiltonian (s & 1) is approximately
classical and diagonal in the computational basis. In the idealized closed-
system and adiabatic limit, sufficiently slow evolution would keep the state
near the instantaneous ground state, implying that the final measurement
returns a ground state (or low-energy state) of the target Ising model with high
probability.

@)= )Y (M + 1), (2.6)
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2.3 D-Wayve’s quantum annealers

D-Wave quantum annealers are purpose-built analog devices that implement
a programmable transverse-field Ising model for optimization and sampling
tasks. Compared to the idealized AQC setting, their dynamics is realized in
superconducting hardware, on a fixed sparse interaction topology, and under
open-system conditions at millikelvin temperatures. Nevertheless, the central
principle remains the same: a strong transverse-field “driver” is gradually
reduced while the programmed Ising terms are turned on.

At the level of an effective model, a D-Wave QPU implements a Hamiltonian
of the form [16]

; 2
1=1 (1/7])6EQPU

N N
Hs) = A BE s s S o | @)
=1

where s = t/7 € [0,1] is the normalized annealing time, 7 is the total annealing
time, and A(s), B(s) are device-specific schedule functions. The graph Gqpy =
(Vqpu, Eqpu) specifies the programmable connectivity: vertices correspond
to physical qubits and edges to tunable couplers. Due to fabrication defects
and calibration constraints, a subset of qubits/couplers may be disabled. The
user-visible working graph is therefore the operational subgraph of the nominal
topology (see Fig. 2.3).

The schedules satisfy boundary conditions A(0) > B(0), B(1) > A(1),
and A(1) ~ 0, so that the system is initialized close to the ground state of
a strong transverse field and (ideally) ends in a classical state governed by
the programmed Ising Hamiltonian. The precise shapes of A(s) and B(s)
depend on the processor generation and calibration. An example schedule for
a representative processor is shown in Fig. 2.2. The region where A(s) and
B(s) become comparable is often associated with a heightened susceptibility
to excitations.

D-Wave QPUs are based on superconducting flux qubits: each qubit is
a superconducting loop interrupted by Josephson junctions, and couplings
are implemented via tunable inductive elements that realize effective Ising
interactions. The qubits, couplers, and on-chip control circuitry form a pla-
nar superconducting integrated circuit operated in a dilution refrigerator at
millikelvin temperatures to reduce thermal excitations and decoherence [75-78|.

Finally, the fixed sparsity of Gqpy has algorithmic consequences. Many
practical Ising/QUBO instances induce logical graphs that are denser than the
hardware connectivity, so an embedding step (typically minor embedding using
ferromagnetic chains [16]) is required to map the logical instance onto Gqpu
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Figure 2.2: Example of schedule functions A(s) and B(s) for a representative D-Wave
QPU (values shown as frequencies in the manufacturer’s convention). The shaded
mid-anneal window indicates the region where the driver and problem energy scales
compete most strongly (A(s) ~ B(s)), often coinciding with an increased probability
of diabatic excitations [16].

before execution on the QPU. We discuss this mapping and its overhead in the
subsequent section.

Successive generations of D-Wave processors employ different topologies,
with the general trend towards larger system sizes and higher average degree.
The earliest commercial systems used the Chimera architecture {79, 80], in
which the QPU is arranged as an L x L grid of identical unit cells. Each
unit cell contains eight qubits connected as a complete bipartite graph Ky 4,
with four “vertical” and four “horizontal” qubits. Additional couplers connect
corresponding qubits in neighboring unit cells, forming a sparse quasi-two-
dimensional lattice (see Fig. 2.3a).

More recent D-Wave systems employ the Pegasus and Zephyr families of
topologies. These are presented in Fig. 2.3b and 2.3c. Pegasus, introduced with
the Advantage QPU, increases the nominal degree to fifteen by augmenting
the Chimera-like layout with additional inter-cell couplers and longer-range
connections [81]. The unit cell in Pegasus consists of three Chimera-like graphs,
giving 24 qubits. The Zephyr topology, used in the Advantage2 processors,
further increases the nominal degree to twenty [82]. In each case, the working
graph presented to the user is large and sparse, with a highly regular local
structure but non-trivial global connectivity.

D-Wave topologies are typically labeled by a letter indicating the family
and an integer size parameter. For example, a Chimera graph C6 consists of
6 x 6 array of K44 unit cells, while PN (Pegasus) and ZN (Zephyr) denote the
corresponding lattices with size parameter N, which fixes the nominal qubit
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a. Chimera b. Pegasus

Figure 2.3: Connectivity structures of D-Wave Quantum Processing Units (QPUs),
also called Topology [80-83].

count and connectivity [16].

2000Q  Advantage Advantage2 ‘

Graph topology Chimera  Pegasus Zephyr
Graph size C16 P16 712
Number of qubits > 2000 > 5000 > 4000
Number of couplers > 6000 > 35000 > 40000
Couplers per qubit 6 15 20

Table 2.1: Typical characteristics of subsequent generations of QPUs.

Embedding

As the connectivity structure of the quantum processing unit (QPU) is fixed
by the underlying hardware graph, arbitrary Ising or QUBO problem instances
cannot, in general, be implemented directly on the device. The native Hamilto-
nian realized by the QPU is defined on a sparse quasi-two-dimensional graph
Gqru = (Vqpru, Eqpu), such as the Chimera, Pegasus, or Zephyr topology used
in successive generations of D-Wave processors. In contrast, typical optimiza-
tion problems give rise to a logical interaction graph Glogical = (V, E) whose
connectivity is denser and structurally different from Gqpy. Consequently,
a dedicated embedding step is required before the annealing process can be
executed on hardware.

The standard approach is minor embedding [84, 85]. In this procedure, each
logical variable i € V' is mapped to a connected set of physical qubits (a chain)
K; C Vqpu, and logical couplings are realized by at least one physical coupler
between the corresponding chains. Formally, a minor embedding is a mapping;:
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Logical graph Embedded instance

Figure 2.4: Example minor embedding of the complete graph K3 onto a Chimera unit
cell. Here, vertex A is mapped to the chain K4 consisting of qubits 1 and 4, while B
and C are mapped to single qubits (3 and 5). Logical couplings are implemented by
physical couplers between the corresponding chains.

¢V —=2Verv i K, (2.8)

such that every K; induces a connected subgraph of Ggpy and for every logical
edge (i,7) € E there exists at least one physical edge (u,v) € Eqpy with u € K;
and v € K;. Under this mapping, the logical Ising problem can be implemented
as a physical Ising Hamiltonian on Gqpy by appropriately redistributing the
logical couplings J;; and fields h; over the chains and their inter-chain couplers.
Finding an efficient embedding that minimizes chain length is a non-trivial
combinatorial problem [86], which motivates the use of heuristic embedding
algorithms in practice [87].

Annealing schedules

An annealing schedule on D-Wave processors specifies how the normalized
annealing parameter s € [0, 1] is traversed in physical time ¢ € [0, 7]. Concretely,
the device implements the Hamiltonian H(s) from Eq. (2.7), and a user-defined
schedule s(t) induces a time-dependent evolution

H(t) = H(s(t)),  s:[0,7] = [0,1]. (2.9)

Modern D-Wave processors allow the user to override the default monotone
schedule by specifying custom piecewise-linear functions s(t), enabling reverse
annealing, mid-anneal pauses, quenches, and fast-anneal protocols [16]. Below,
we briefly summarize the schedule types used in this thesis.
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Forward annealing. In the standard mode (forward annealing), the schedule
is monotone, increasing from s = 0 to s = 1 over a user-chosen total anneal
time 7. This corresponds to gradually reducing the driver term while increasing
the problem term.

Reverse annealing. In reverse annealing, the system is initialized at s = 1
in a user-provided classical configuration. The schedule then reverses to a
turning point s, < 1, reintroducing a transverse field and allowing quantum
(and thermal) transitions among nearby configurations, after which it proceeds
forward to s = 1. Operationally, this implements a form of local search
around the initial state and is particularly useful when good approximate
solutions are available or when probing the local energy landscape near selected
configurations [88]. Additionally, this schedule allows us to pose thermodynamic
inquiries (see Chapter 5).

Mid-anneal pause. A mid-anneal pause is implemented by holding the
schedule at a fixed value s = s, for a programmable dwell time ¢,ause. During
the pause, the Hamiltonian is static, and the system evolves only through its
interaction with the environment. Empirically, pausing in a narrow window
in the mid-anneal region, typically shortly after the minimum-gap region, can
increase ground-state success probabilities by enabling relaxation of diabatic
and thermal excitations [89].

Fast annealing. Fast-anneal protocols reduce the total anneal time 7 by
orders of magnitude relative to standard settings (to the range of few nanosec-
onds) while preserving the qualitative shape of the underlying schedules A(s)
and B(s). This drives the system far from the adiabatic regime and reduces the
time available for thermalization, thereby emphasizing coherent and diabatic
contributions to the dynamics [90-92]. In current D-Wave implementations,
this mode may be restricted to instances without longitudinal fields (i.e., with
h; =0 in Eq. (2.7)) [16].

Errors in quantum annealers

The performance of quantum annealers is limited by several error sources
that can degrade solution quality and sampling statistics. It is convenient
to group the dominant effects into two broad classes: (i) integrated control
errors (ICE), which quantify inaccuracies in the analog realization of the
programmed Hamiltonian parameters, and (ii) open-system effects, which
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arise from the unavoidable coupling of the QPU to its environment (finite
temperature, dissipation, and decoherence) [16].

Integrated control errors (ICE). Although the user specifies h; and J;; as
real numbers, the analog control circuitry implements only an approximation
due to calibration uncertainty, control noise, crosstalk, and limited precision. A
standard phenomenological model is that the device realizes a perturbed Ising
objective,

Hltssing(s) = Z (Jij + 6.Jij) sisj + Z (hi + 6hs) si, (2.10)
(i,5)€Eqru ieVqpu

where 6.J;; and 0h; represent implementation errors. Even when these perturba-
tions are small in absolute magnitude, they can change the identity and ordering
of low-energy states, especially for instances with many near-degenerate con-
figurations or small energy gaps between competing solutions [93]. From a
benchmarking perspective, ICE introduces an instance-dependent effective
problem drift between the programmed and realized Hamiltonians, which can
increase run-to-run variability.

Open-system effects. D-Wave QPUs operate at millikelvin temperatures
but are not closed quantum systems. Interaction with the environment leads to
thermal excitations, relaxation, and dephasing during the anneal. The impact
of these processes depends strongly on the annealing schedule and runtime 7:
very short anneals enhance diabatic transitions due to rapid driving, whereas
longer anneals provide more opportunity for thermalization and noise-induced
transitions. As a result, there is generally no monotone relationship between 7
and success probability. Performance can be limited either by non-adiabatic
excitations at short 7 or by thermally assisted transitions and "freeze-out"
phenomena at longer 7 [15, 94, 95].

Manifestation in samples and mitigation. Algorithmically, these non-
idealities appear in the returned samples as deviations from the intended low-
energy configurations. Depending on the setting, this can include apparent spin
flips relative to an ideal ground state, biased sampling of low-lying excited states,
and (for embedded problems) chain inconsistencies that require decoding. Post-
processing methods can improve solution quality by exploiting structure in the
returned samples. In this thesis, we employ a reinforcement-learning-based post-
processing procedure that learns to identify and correct error manifestations
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in the raw annealer outputs without modifying the hardware or annealing
protocol. This approach is described in Chapter 6.

A broad range of additional error suppression, correction, and mitiga-
tion strategies has been proposed for quantum annealers, including classical
post-processing, encoding, and repetition/aggregation techniques [96-100|. A
detailed comparison of these methods is beyond the scope of this work.

2.4 Summary

This chapter introduced adiabatic quantum computation (AQC) as an analog
model of quantum computation and discussed quantum annealing (QA) as
its optimization-oriented realization. Starting from the quantum adiabatic
theorem, we outlined how a computational task can be encoded into a problem
Hamiltonian and addressed by interpolating from an easily prepared driver
ground state to the final Hamiltonian whose ground state represents the desired
solution. Using the transverse-field Ising model as the canonical QA setting, we
showed how the Ising/QUBO formulations from Chapter 1 naturally fit into the
AQC framework and provide a direct route from combinatorial optimization to
programmable quantum dynamics.

We then focused on D-Wave quantum annealers as a concrete hardware
instantiation of QA. These devices implement a time-dependent transverse-
field Ising Hamiltonian on sparse hardware topologies (Chimera, Pegasus, and
Zephyr) with device-specific schedule functions. The restricted connectivity
of the QPU working graph necessitates minor embedding, introducing chain
variables and associated overheads that must be accounted for when interpret-
ing performance and scaling. We also discussed how user-accessible schedule
controls, including custom anneal paths, reverse annealing, and mid-anneal
pauses, provide additional degrees of freedom for shaping the dynamics, while
integrated control errors and open-system effects place fundamental constraints
on attainable solution quality and sampling behavior. Together, these consid-
erations motivate rigorous experimental methodology: transparent reporting
of embedding and schedule choices, careful selection of classical baselines, and
systematic benchmarking protocols.

In the next chapter, we introduce SpinGlassPEPS.jl, a tensor-network-
based solver tailored to QPU-relevant graph families, which provides a com-
plementary classical baseline for benchmarking and expands the set of tools
available for evaluating quantum annealing technologies.






Chapter 3

SpinGlassPEPS.jl —
Tensor-network Package for
Optimization and Sampling

To computationally benchmark quantum annealers, it is essential to establish
classical baselines that quantify the solution qualities and time-to-solution
achievable without quantum hardware. Although many general-purpose ap-
proaches exist (Chapter 1), quantum annealing processors exhibit strong
structural constraints. Most importantly, they feature sparse and quasi-two-
dimensional interaction graphs with fixed geometry (Chapter 2). For this
reason, it is valuable to study structure-exploiting classical heuristics that are
tailored to native QPU topologies and can leverage their locality rather than
treating the input as an arbitrary graph. Tensor-network (TN) methods provide
a natural language for such algorithms: by representing Gibbs probabilities or
low-energy amplitudes as contracted networks, locality can be used to control
computational cost via systematic truncations. A brief introduction to tensor
networks is provided in the appendix B.

This chapter presents SpinGlassPEPS.jl [1], a collection of Julia [101]
packages implementing the TN-based heuristic introduced in [2]. The method
targets sampling and low-energy search for Ising-type models on graphs relevant
to contemporary quantum annealers (e.g., Pegasus- and Zephyr-like quasi-2D
connectivities). It uses a topology-aware reduction to local Potts clusters, a
projected entangled-pair state (PEPS) representation of the resulting partition
function, and a branch-and-bound search in configuration space. In practice,
solution quality and runtime are controlled by a set of parameters (notably the
inverse temperature 3, the maximal bond dimension y, cut-off probability p,

29
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and the number of retained branches M), which makes the approach well-suited
for benchmarking studies where accuracy—cost trade-offs must be explicit.

The algorithm and the software were developed concurrently and are tightly
coupled: implementation choices (data structures, contraction backends, GPU
acceleration) directly shape the accessible parameter regimes and, consequently,
the solver’s empirical performance. The author’s primary contribution is
the software development and engineering effort, which is therefore the main
emphasis of this chapter.

We first outline the algorithmic workflow and its underlying intuitions.
We then describe the software architecture, key components, and user-facing
interfaces. Detailed benchmarking experiments and comparisons against other
baselines are deferred to the next chapter for clarity of presentation.

Author contributions The algorithm and its software implementation
were developed concurrently and are therefore tightly coupled. My primary
contribution is the software development and engineering effort, which is
therefore the main emphasis of this chapter. As I have contributed to various
parts of the software, it is impractical to list them all individually. The
project was carried out as a team effort, with shared contributions to software
architecture, validation, and scientific interpretation.

Relation to published work This chapter is based on the author’s prior
work [1, 2] and primarily provides a self-contained description of the underlying
algorithm and its implementation details. To keep the exposition coherent, the
chapter focuses on methodology rather than performance. The correspond-
ing experimental evaluation, benchmarking protocol, and result analysis are
presented in Chapter 4.

3.1 Algorithm overview

Building on the framework of [41], we recast the Ising optimization problem
(Eq. (1.1)) as an inference task in a Boltzmann distribution. Instead of searching
directly for the lowest-energy configurations, we identify the configurations
with the highest probability in a thermal state at inverse temperature g > 0.
Concretely, the probability of observing a configuration s is

§(8) = — exp{(=5 Hrgng ()}, (3.1)
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Current code version v1.5.0

Permanent link to repository https://github.com/
euro-hpc-pl/SpinGlassPEPS. j1

Legal Code License Apache 2.0

Software code languages, tools, and | Julia
services used

Compilation requirements, Julia 1.11, CUDA.jl v5,
operating environments & TensorOperations. jl,
dependencies Memoize. jl

Documentation https://euro-hpc-pl.github.io/

SpinGlassPEPS. j1/dev/

Table 3.1: Software metadata.

where Z is the partition function (Eq. (1.3)), s = [s1,...,Sn] is a spin configu-
ration, and Higing(s) is given by Eq. (1.1). Since p(s) is a strictly decreasing
function of Higing(s) for B > 0, the maximizers of p(s) coincide with the
ground-state configurations (up to degeneracy). In practice, we treat § as
an algorithmic control parameter: increasing 8 concentrates probability mass
around low-energy states, while moderate 8 yields broader distributions useful
for sampling and for improved numerical stability.

The set of most probable configurations can be constructed incrementally
by exploring a search tree over partial assignments. Let s1.; = (s1,..., k)
denote a partial configuration. Its probability

plsie) = 3 pls). (3.2)

Sk+1:N

is a marginal of (3.1), and the branching probabilities are the corresponding
conditionals p(sg11 | s1.x). Figure 3.1 illustrates the resulting branch-and-
bound [52] procedure used in this work. At depth k¥ we maintain a set of at
most M partial assignments with the largest marginal probabilities (a beam of
width M). Each partial assignment is extended by sxy+1 € {—1,+1}, producing
up to 2M candidates. We then retain only the M most probable ones. For
the parameter regimes relevant here, both the marginal evaluation and the
truncation to finite M make the method heuristic.

If we could perform the exact calculations of the relevant marginal probabil-
ities, then this approach would guarantee finding the ground state [102]. How-
ever, to our knowledge, computing the required marginals exactly is generally
intractable. In our approach, they are obtained from a projected entangled-pair
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Figure 3.1: Branch-and-bound search in probability space. The solution is built se-
quentially by assigning spins. For each partial assignment s;.;, (green), the algorithm
branches by appending si+1 € {—1,+1} and evaluating the corresponding conditional
probabilities p(skt1|81:x) (equivalently, the marginals p(s1.x+1)). The bounding step
retains at most M partial assignments with the largest probabilities (green) and dis-
cards the remainder (red). The figure shows M = 3 for clarity. In SpinGlassPEPS. j1,
the required marginals are obtained from approximate tensor-network contractions.

states (PEPS) tensor network representation of the partition function [103, 104].
Computing marginal probabilities, then transform to contracting networks with
appropriate boundary conditions. Exact contraction is, in general, a #P-hard
task [105], which motivates approximate contraction schemes.

A second challenge is geometric: many efficient PEPS contraction schemes
assume a regular two-dimensional lattice [106], while quantum annealers im-
plement sparse, structured, but non-planar interaction graphs. To bridge this
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(a)  Ising problem (b) (c)

T Potts Hamiltonian PEPS tensor network
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Figure 3.2: Execution flow of SpinGlassPEPS. j1. (a) An Ising instance on the native
interaction graph is transformed into (b) a local Potts Hamiltonian on a king’s graph
via clustering. (c) The resulting (Potts) partition function is represented as a PEPS
tensor network on a square lattice. (d) Conditional marginals required by the search
are computed by approximately contracting the PEPS. (e) A branch-and-bound sweep
yields a candidate configuration, which corresponds to a ground-state configuration
of the original Ising model. (f) The same machinery can be used to find localized
low-energy excitations around the returned configuration.

gap, we map the original Ising instance to a Potts model defined on a king’s
graph, which admits a PEPS representation on a square lattice. Extending
this construction beyond earlier settings to modern QPU topologies (notably
Pegasus and Zephyr) requires handling large unit cells and the resulting large
local dimensions, which lead to large structured tensors and nontrivial mem-
ory/computation patterns. The next sections describe how these issues are
addressed algorithmically and in software.

Figure 3.2 summarizes the workflow of SpinGlassPEPS. j1. The software is
deliberately modular: the mapping, tensor construction, contraction backends,
and the search routine are separated into composable components. This design
enables interchangeable contraction schemes, exploitation of internal tensor
structure, and hardware acceleration (CPU/GPU) via Julia’s multiple dispatch.
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The Potts model

Recent quantum annealing architectures (notably Pegasus and Zephyr, see
Fig. 2.3) have large, repeating unit cells and a structured pattern of short-range
couplings. To exploit this locality with tensor networks, we transform the
original Ising Hamiltonian (Eq. (1.1)) into a generalized Potts model with fewer
variables but larger local state spaces.

Let F denote the resulting two-dimensional “King’s graph” layout of clus-
ters (square lattice with nearest and diagonal neighbors), with N nodes and
configuration vector = [z1, ...,z ). Each Potts variable z,, labels one of the
d,, = 2¥» binary configurations of cluster n, where k, is the number of spins in
that cluster (e.g., k,, < 24 for Pegasus and k,, < 16 for Zephyr in the maximal,
fully-populated case).! The energy can then be written as a Potts Hamiltonian:

N
H(x)= > Eupe,+ Y Ea,, (3.3)
n=1

(m,n)eF

where E, is the intra-cluster energy of state z,, and I, ., is the interaction
energy between clusters m and n induced by the original Ising couplers cross-
ing the cluster boundary. Equation (3.3) defines a factor graph with unary
and pairwise factors [107], which is convenient for subsequent tensor-network
construction and for probabilistic inference.

All subsequent steps of the solver operate on the Potts variables. In particu-
lar, the branch-and-bound search returns a high-probability Potts configuration
a, which is then decoded back into the original spin assignment s by expanding
each cluster state.

Projected variables and compressed pair factors. A direct representa-
tion of E, 5, would scale as d,,, X d,,, which is prohibitive when d,, = 2kn g
large. However, inspection of the unit-cell structure in Fig. 3.3 shows that only
a subset of spins in cluster m actually couples to cluster n. Therefore, the pair
interaction depends only on the spins participating in couplers between these
two clusters. We exploit this by introducing an edge-dependent projection

T = P (z), Ty = P"" (), (3.4)
where P™" maps the full cluster state index z,, € {1,...,dn} to a reduced
index Z,, € {1,...,d"} that enumerates only the spin subconfigurations

n practice, k, may be smaller due to inactive qubits or because only a subset of qubits
participates in the embedded Ising instance. We therefore allow cluster-dependent local
dimensions d,, = 2*".
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a. Pegasus: clusters of up to k = 24 spins (d = 224 cluster states
in the maximal case).

S——gF
/il

b. Zephyr: clusters of up to k = 16 spins (d = 26 cluster states
in the maximal case).

Figure 3.3: Transforming hardware graphs into Potts clusters. Black dots denote
physical spins, and colored edges denote couplers: orange for intra-row/column links
and blue for diagonal and inter-cell links (schematic). Each circled block indicates a
cluster, which is replaced by a single Potts variable x, whose state enumerates the
cluster’s binary microstates.

relevant for the (m,n) coupling. The pair energy can then be represented by a
much smaller matrix,

Ex - Efmjn, (35)

mIn

where Ez is defined over d'" x d'™ states and is evaluated by summing

mTn
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28
218
b. Example reduced dimen- c. Example reduced dimen-
sions for Pegasus. sions for Zephyr.

Figure 3.4: Edge-specific projections for compressing Potts pair energies. A naive
representation of E,, . scales as d,, x d,, with d,, = 2k» (up to 224 for Pegasus and
216 for Zephyr in the maximal case). Since only boundary spins couple across a given
edge (m,n), we project each cluster microstate x,, to a reduced index z,, = P™"(x,,)
that retains only the boundary-spin subconfiguration relevant to that edge. The pair
term is then stored as a compressed matrix Ez, z. (Eq. (3.5)). Panel (a) shows the
schematic construction of edge-specific projected indices and the resulting compressed
pair matrix Ez,_ z, . Panels (b) and (c) illustrate typical reductions in local dimensions
obtained in practice.

the original Ising couplings crossing the cluster boundary for the corresponding
boundary-spin assignments. These projections are an important step toward
reducing complexity: they preserve the exact energy contributions while dras-
tically reducing the size of the pair factors used by the tensor network and
inference routines.

Branch-and-bound over Potts variables. The solver performs a sweep
through the tensor network nodes, incrementally constructing a set of high-
probability partial configurations. Let @y., denote assignments of the first
n Potts variables in the chosen traversal order. At step n + 1, each of the
retained M partial assignments is branched over the d,41 possible states of
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Algorithm 4: SpinGlassPEPS
Data: Instance I, Lattice structure L, Inverse temperature [,
Maximum bond dimension y, cut-off probability p, number of
retained branches M, other parameters xparams
Result: Approximate solutions to the ground state problem
// Initialization
1 potts ¢— potts_hamiltonian(/, L);
2 peps < PEPSNetwork (potts, *params);
3 solution < {} ; // empty solution struct
// Main loop
4 foreach node € peps do
5 candidate solutions <— branch_solutions (solution, node);
6 probs <
calculate_marginal_probabilities(candidate solutions, peps,
B, x: p);
7 solution < bound_solutions(candidate solutions, probs, M);
8 end
9 return solution

ZTp+1, producing up to dy 1 x M candidates. To keep the computation tractable,
we retain only the M candidates with the largest marginal probabilities. Using
the chain rule,

p($1:n+1) = p(ZEn+1 | ml:n)p(wlzn)a (3.6)

where p(2n41 | ®1.,) is obtained from tensor-network contractions of the
corresponding partial model. The traversal order can always be enforced by
reindexing.

3.2 Software description

We have implemented the algorithm described in the previous section into the
SpinGlassPEPS. j1 Julia [101] package. The goal of this software is to lower
the barrier to using complex tensor network methods for optimization and
sampling. It offers clean, efficient (GPU-accelerated) and modular software
written in Julia. This package serves as both a standalone Ising solver and a
source of independent tools for developing physics-inspired algorithms.
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Software architecture

The structure of SpinGlassPEPS. j1 mirrors the computational pipeline re-
quired to perform branch-and-bound search in probability space: (i) parse an
Ising instance and construct the corresponding interaction graph, (ii) cluster
the graph into Potts variables and build the unary/pair energies, (iii) construct
the PEPS representation of the partition function, and (iv) repeatedly evaluate
conditional marginals via approximate contractions during the search. To keep
these concerns separated, the code base is organized into three sub-packages
(Fig. 3.5):

e SpinGlassNetworks. j1 handles instance ingestion and graph preprocess-
ing. It constructs Ising graphs from standard input formats (including
those used in the D-Wave Ocean ecosystem), performs clustering into
unit cells, and produces the corresponding Potts Hamiltonian, along with
the auxiliary functions needed to decode solutions back to spins.

e SpinGlassEngine.jl implements the main solver logic. It performs
a branch-and-bound search over Potts variables, manages branching
and pruning, and provides routines for post-processing, including the
reconstruction of low-energy spectra and the identification of diverse
localized excitations above the ground state (droplets).

e SpinGlassTensors. jl provides the core tools for constructing and ma-
nipulating the tensors that form the PEPS network, with support for
both CPU and GPU execution. It implements the fundamental tensor-
network operations required by the solver, most importantly, approximate
PEPS contraction via the boundary matrix-product-state (boundary-
MPS) scheme [103]|. In the default workflow, this package acts as a
backend: it is invoked by higher-level components (e.g., the solver in
SpinGlassEngine. j1), and most users do not interact with it directly. .

Each sub-package can be used independently, but the default workflow
combines them to provide an end-to-end solver.

Work division between CPU and GPU

The package supports both CPU-only execution and configurations in which
selected kernels are offloaded to a single GPU. In the workflow of Fig. 3.2,
the dominant cost is the repeated approximate contraction of PEPS networks
required to evaluate conditional marginals during the search. We therefore
focus acceleration efforts on tensor contractions.
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SpinGlassPEPS. jl

Tensor Network
Potts Hamiltonian contractions

Ising problem

> SpinGlassNetworks. j|

Sampler and ] )
contraction options Output file (solution)

> SpinGlassEngine.jl

L J

Figure 3.5: Data flow between SpinGlassPEPS.jl sub-packages. An input Ising
instance is parsed by SpinGlassNetworks. j1, which constructs the interaction graph,
performs clustering, and outputs a Potts Hamiltonian. The Potts instance and solver
parameters (e.g., 8, search width M, and contraction settings such as maximal bond
dimension x) are passed to SpinGlassEngine. jl, which executes the branch-and-
bound search in probability space. Whenever conditional marginals are required,
SpinGlassEngine. j1 delegates their computation to SpinGlassTensors. j1, which
builds the corresponding PEPS and approximately contracts it. The final output
consists of a decoded Ising configuration (optionally), together with energies and,
when requested, a set of localized low-energy excitations (droplets).

Contractions are implemented via TensorOperations. j1 [108], which pro-
vides a unified interface for expressing tensor networks and dispatching to
different numerical backends. In CPU mode, contraction kernels are lowered
to Julia code calling the standard BLAS/LAPACK stack (e.g., OpenBLAS or
MKL). In GPU mode, the same high-level tensor expressions are mapped to
CUDA kernels via the Julia wrapper of ctTENSOR [109]. This design keeps
the algorithmic code path identical across CPU and GPU configurations while
enabling substantial speed-ups where contraction cost dominates.

From a resource perspective, the method is primarily compute-bound rather
than memory-bound in the parameter ranges considered in this thesis. All
experiments reported later were executed on a single consumer-grade GPU
with 24 GB of device memory, which was sufficient for the selected values of x
and for the instance sizes considered.

Software functionalities

For a given input instance, the solver returns a set of low-energy configurations
together with their energies, i.e., a practical approximation to the low-energy
spectrum. The output also includes approzimate probabilities of the reported



N =

B~ w

40 CHAPTER 3. SPINGLASSPEPS.JL

states, obtained from the same tensor-network contractions used to compute
conditional marginals during the search.

The package’s modular structure provides a range of options for controlling
various aspects of the main algorithm. These include the details and control
parameters of the tensor network contraction schemes, the ability to use
either CPU or GPU for low-level operations, and the option to construct the
tensor network in dense or sparse format. The sparse format [2| leverages
the internal structures of individual tensors and is particularly essential for
handling large clusters, such as those relevant to Pegasus and Zephyr graphs.
Detailed information on all required and optional parameters is available in
the documentation [110].

The conceptual workflow in Fig. 3.2 is reflected directly in the program
interface: an instance is loaded and clustered into a Potts model, contraction
and search parameters are specified, and the branch-and-bound routine is
executed to produce solutions and post-processed excitations. The following
code snippet illustrates this typical usage pattern. The subsequent subsections
describe each stage in detail.

Lattice geometry

First, one must define and load an instance of the Ising model to solve.

m, n, t = columns, rows, cell_size

instance = "path/to/instance"

lattice = super_square_lattice(topology)

potts_h potts_hamiltonian(ising_graph(instance),
spectrum=full_spectrum,
cluster_assignment_rule=lattice)

The parameters n, m, t define the size of the used lattice. Their precise
meaning depends on the shape of the underlying lattice. For example, when
using super_square_lattice, which represents a pseudo-king’s graph, n and
m are rows and columns of the square lattice of unit cells. Parameter ¢ tells
how many spins are in each unit cell. Other types of supported lattices are
pegasus_lattice and zephyr_lattice.

Function potts_hamiltonian creates a Potts model Hamiltonian (energy
function) as described in 3.1. The arguments are:

e ising_graph: Loads the instance from .txt file into a graph structure
representing spin interactions. The text file should be in the COO
convention ¢.e., the spins are numbered 1 to N and arranged in rows as @
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a. The king’s graph with b. The king’s graph with

3 x 3 x 1 spins. 4 x 4 x 2 spins.

Figure 3.6: Example of lattice graphs represented by super_square_lattice with
n=m =4 and t = 1 (panel 3.6a) or t = 2 (panel 3.6b). The unit-cells are nodes of a
king’s graph. Each spin in the unit cell is connected to all other spins on neighboring
sites. The couplings within the unit cell are marked blue, horizontal and vertical are
colored orange, and diagonal connections are red.

J v, where v represents the coupling value between vertices ¢ and j, or
the local magnetic field when ¢ = j.

e spectrum: Specifies to use the complete energy spectrum (rather than a
truncated version). The spectrum is calculated independently for each
Potts variable.

e cluster_assignment_rule: Determines how spins are grouped into Potts
variables and how those variables are connected. Here we specify the
lattice shape that we want to use.

PEPS tensor network construction

The PEPS tensor network is governed by two structures, PEPSNetwork () and
MpsContractor(). The first one holds details about how the tensor network
is constructed. The second one determines how the tensor network will be
contracted.
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Node = KingSingleNode

Layout = GaugesEnergy

net = PEPSNetwork{Node{Layout}, Sparsity, T}(m, n,
potts_h,
transform)

The control parameter transform manages lattice transformations (rota-
tions) applied to the graph. The branch-and-bound search employed here
operates with a fixed order of sweeping through local variables, corresponding
to the fixed order of tensor network contraction. This introduces bias as, in gen-
eral, approximate contractions of PEPS are not transformation-invariant [111].
To combat this inherent bias, we use lattice transformations in our algorithm.
They consist of 90° rotations and reflections along horizontal, vertical, and
diagonal axes. It means that, to obtain the best possible solutions, we perform
calculations several different times, each time applying a different transforma-
tion to create the PEPS network. This approach enhances the stability of the
results [1, 2|. The control parameter transform manages which (if any) lattice
transformations are applied.

For ease of iteration, all possible transformations are wrapped into a single
iterator all_lattice_transformations.

const all_lattice_transformations =
(rotation. ([0, 90, 180, 2701)...,
reflection.([:x, :y, :diag, :antydiagl)...)

Next is the parameter Sparsity which determines whether a sparse or
dense tensor structure should be used. The sparsity used here is distinct
from that of traditional sparse matrices [112]. The sparse tensor structure
circumvents the need for direct construction of individual tensors by performing
optimal contractions on small tensor diagrams utilizing the internal structure of
individual tensors |2|. These diagrams are then combined to efficiently contract
the entire created network. A dense tensor structure means that every tensor
is explicitly constructed.

The next useful structure is Node. It specifies the type of node used within
the tensor networks. It determines expected structure of clustered Hamiltonian
node, if it is a single spin (like in the n x m x 1 king’s graph) or if it is group
of spins connected in certain way. Details can be found in the software’s
documentation [110]. The Layout parameter decides the division of the PEPS
network into boundary Matrix Product States [113, 114] used to contract the
network.
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Figure 3.7: Construction of PEPS tensor network from clustered Hamiltonian (Potts
model) defined in Eq. 3.3. The partition function of a generalized Potts Hamiltonian
on a square lattice with nearest-neighbor and diagonal interactions, can be expressed
as a contraction of a tensor network depicted above.

SpinGlassPEPS. j1 provides users with a high degree of control over the
construction and contraction of the PEPS tensor network. To keep it all
manageable, the structures below are used to store and manipulate control
parameters. The MpsParameters struct encapsulates various control parameters
that influence the behavior and accuracy of the MPO-MPS contraction scheme
used in PEPS network calculations. This allows fine-tuning of tolerances, itera-
tion limits, and methods for efficient and accurate tensor network contractions.
Next useful structure is MpsContractor. It is a mutable struct that represents
the contractor responsible for contracting a PEPS network.

params = MpsParameters{Float64}(; bond_dim=16)
ctr = MpsContractor (Strategy,
net,
params;
onGPU=true,
beta=2)

Example control parameters are shown in the code above. The bond_dim
specifies the maximum bond dimension between tensors used in the contraction
scheme. The user can choose the contraction strategy used in calculations by
setting Strategy parameter. The beta here is the inverse temperature § used
for calculating conditional probabilities in the main branch and bound search.
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Tensors

We implement several variants of the generic Tensor data structure, each
associated with a distinct role in the PEPS network. SiteTensor objects
encode the local energy contributions of a cluster together with the structure of
its couplings to neighbouring sites. DiagonalTensor objects represent diagonal
interactions between neighbouring clusters, allowing us to rewrite quasi-two-
dimensional interaction graphs as a PEPS defined on a square lattice, which
can then be treated using standard approximate tensor-network contraction
techniques. The structure of these tensors is shown in Figs. 3.8 and 3.9.

u u
Tm
SUS G I V—
| Tom, Tm
d d

Figure 3.8: Site tensor. Four virtual legs mediate the interaction structure and trace
out Hamiltonian degrees of freedom. Square markers denote the exponents of the
corresponding interaction matrices.
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Figure 3.9: Additional structures. A diagonal tensor (a) carries diagonal interactions.
Square markers (b) denote the exponents of the corresponding interaction matrices.

Sampling and droplets

This is the final stage of the SpinGlassPEPS.jl workflow. The SearchParameters
encapsulates parameters that control the behavior of low-energy spectrum search
algorithms. The main ones are the maximum number of states to consider
during the search and the cutoff probability for terminating the search.
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search_params = SearchParameters (;
max_states=2"8,
cut_off_prob=1E-4)

droplets = SinglelLayerDroplets (max_energy=10,
min_size=54,
metric=:hamming)

merge_strategy = merge_branches(ctr;
merge_prob=:none,
droplets_encoding=droplets)

solution, schmidt = low_energy_spectrum(ctr,
search_params,
merge_strategy)

The call to low_energy_spectrum produces a Solution object summarizing
the low-energy spectrum identified during the search and a dictionary containing
Schmidt spectra [113] for each row of the PEPS network.

struct Solution
energies::Vector{<:Real}
states::Vector{Vector{Intl}}
probabilities::Vector{<:Real}
degeneracy::Vector{Int}
largest_discarded_probability::Real
droplets::Vector{Droplets}
spins::Vector{Vector{Int}}

end

This structure aggregates all information produced by the branch-and-bound
exploration: the energy spectrum, the corresponding spin configurations, their
estimated Boltzmann weights, degeneracies, and an explicit list of droplets.

Low-energy excitations (i.e., droplets) [115, 116] above the best solution
can be identified during the optional merge_branches step. This option can be
provided as an argument to the function that executes the branch-and-bound
algorithm low_energy_spectrum. The algorithm searches for diverse excitations
within a specified energy range above the ground state. An excitation is accepted
only if its Hamming distance from any previously identified excitation exceeds a
predefined threshold. This is governed by the parameters energy_cutoff, which
sets the maximum allowed energy above the ground state, and hamming_cutoff,
which determines the minimum Hamming distance required between excitations
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for them to be considered distinct. To view all droplets found, one may invoke
unpack_droplets(solution).

Inside the low_energy_spectrum function, we perform the search as depicted
in Fig. 3.1. It is done by calling branch_solution and bound_solution for each
node in the created clustered Hamiltonian.

sol = empty_solution(S)
old_row = ctr.nodes_search_order [1][1]

for node in ctr.nodes_search_order
ctr.current_node = node
current_row = node[1]
if current_row > old_row
old_row = current_row
clear_memoize_cache_after_row ()
end

sol branch_solution(sol, ctr)
bound_solution(sol,
sparams .max_states,
sparams.cutoff_prob,
merge_strategy)
Memoization.empty_cache! (precompute_conditional)
if no_cache
Memoization.empty_all_caches! ()
end
end

sol

clear_memoize_cache_after_row ()
empty ! (ctr.peps.lp, :GPU)

We have omitted some parts of the code to focus on the main ideas. The
algorithm traverses Potts clusters in a fixed nodes_search_order and incre-
mentally builds a set of candidate partial configurations sol. At each node,
branch_solution extends every retained partial assignment by all admissi-
ble local states, while bound_solution prunes the resulting pool back to at
most sparams.max_states candidates using their (approximate) marginal prob-
abilities, optionally merging near-duplicate branches via merge_strategy and
discarding states below sparams.cutoff_prob. These marginals are evaluated by
the MpsContractor (ctr) through repeated contractions of the underlying PEPS,
which dominate the runtime. To keep this step feasible, contraction results are
memoized and selectively cleared: caches are reset when the sweep advances to
a new lattice row (to limit memory growth and avoid stale intermediates), and
are fully emptied when no_cache is enabled. After the sweep, remaining caches
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and GPU work buffers are released, yielding the final low-energy configura-
tions and their associated energies, contraction-derived probability estimates,
degeneracies, etc.

(a) (b) (c)
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Figure 3.10: Computation of conditional probabilities via approximate PEPS con-
traction. The marginal update in the branch-and-bound sweep reduces to evaluating
conditional probabilities p(a,41 | Ox,), which (up to an overall normalization) are
represented by the tensor network shown in panel (a), closely related to the PEPS
construction in Fig. 3.7. Gray diamonds fix (project) the virtual indices on the
boundary 9z, associated with a given partial configuration ,,, while the (n 4+ 1)th
site tensor carries an additional open leg corresponding to the untraced physical degree
of freedom z,11. In panel (b), the lower part of the network is compressed using
the boundary-MPS method (highlighted by gray boxes), producing an approximate
effective environment with bond dimension y. This preprocessing is performed once
and is independent of the particular x,. The resulting reduced network is then
contracted exactly, and the outcome is normalized to obtain p(zp41 | 0x,,).

3.3 Illustrative examples

This section demonstrates the main capabilities of SpinGlassPEPS.jl and
how its modular components can be combined in practice. We consider two
representative workloads. First, we solve an Ising instance defined on a king’s
graph, corresponding to the square-lattice PEPS setting of Fig. 3.2(a). While
this example uses a regular topology for clarity, the same workflow applies after
clustering to the structured hardware graphs of D-Wave processors (Pegasus
and Zephyr). Second, we illustrate the generality of the Potts-layer interface
by solving an image inpainting problem formulated as a Potts model [117-119].
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Solving the Ising Model

The example here presents a complete Julia script that defines and solves an
Ising problem on a king’s graph. We first load a small instance and construct
the corresponding Potts Hamiltonian using a prescribed cluster assignment. In
this example we use a 3 x 3 x 2 king’s-graph instance:

T = Float64

m, n, t = 3, 3, 2

instance = get_instance(m, n, t)

lattice = super_square_lattice(m, n, 3)

potts_h = potts_hamiltonian(
ising_graph(instance) ;
spectrum=full_spectrum,
cluster_assignment_rule=lattice

)

We then specify the contraction parameters (bond dimension and sweep
count) and the search parameters controlling the search width and probability
cutoff:

params = MpsParameters{T}(; bond_dim=16, num_sweeps=1)

search_params = SearchParameters(; max_states=2"8,
cut_off_prob=1le-4)

hamming_dist = 5

eng = 10

Finally, we run the solver. To reduce orientation-dependent artifacts intro-
duced by approximate contraction and truncation, we sweep over all lattice
symmetries via all_lattice_transformations and keep the best energy encoun-
tered. For each transformation, we construct the PEPS network, initialize
the MpsContractor (here in CPU mode), configure the droplet-based excitation
handling and branch-merging strategy, and call low_energy_spectrum:

best_energies = T[]
for transform in all_lattice_transformations
net = PEPSNetwork{KingSingleNode{GaugesEnergy},
Dense, T}(
m, n, potts_h, transform

)
ctr = MpsContractor (

SVDTruncate, net, params;

onGPU=false, beta=T(2), graduate_truncation=true
)

single = SinglelayerDroplets(eng, hamming_dist,
:hamming)
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merge_strategy = merge_branches(

ctr; merge_type=:nofit, update_droplets=single
)
sol, _ = low_energy_spectrum(ctr, search_params,

merge_strategy)
push!(best_energies, sol.energies/[1])
clear_memoize_cache ()

end

Solving the Potts model: inpainting

The Potts Hamiltonian in Eq. (3.3) is not restricted to Ising models. It is
a standard representation of discrete Markov random fields (MRFs) used in
computer vision. A representative example is image inpainting, where the
goal is to fill missing or corrupted pixels in a visually plausible way [120].
In this setting, each variable x,, corresponds to a pixel label (e.g., color),
unary terms encode agreement with observed data, and pairwise terms penalize
discontinuities to encourage piecewise-smooth reconstructions with sharp edges.

Here we consider a small benchmark instance from [117, 119], provided
in the OpenGM2 dataset format. The instance corresponds to a discretized
triple-junction inpainting problem (Fig. 3.11): boundary data are specified on
a ring, and the interior region must be reconstructed. SpinGlassPEPS. j1 can
load OpenGM-style instances with nearest-neighbor and diagonal interactions,
which match the King’s graph geometry used by the PEPS construction in this
chapter.

instance =

"$(@__DIR__)/instances/triplepoint4 -plain-ring.h5"
# Image size 1in pizels
potts_h = potts_hamiltonian(instance, 120, 120)

As in the Ising example, the solver can return a best-found configuration
together with a set of localized low-energy excitations (droplets). For inpaint-
ing/MRF instances, it is recommended to use the :RMF droplet mode, which is
tailored to multi-label Potts variables rather than binary spins:

droplets = SinglelLayerDroplets (;
max_energy=100,
min_size=100,
metric=:hamming,
mode=: RMF
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a. Input data. b. Best Found c. Droplet.

Figure 3.11: Triple-junction inpainting benchmark [117, 119]. Panel (a) shows the
input: pixel labels are fixed on a circular boundary, while the interior (black region) is
unknown. Panel (b) shows a lowest-energy configuration found by SpinGlassPEPS. j1.
Due to the grid-based discretization, the energy function is mildly anisotropic, which
can bias reconstructed interfaces toward axis-parallel directions [117]. Panel (c)
highlights a droplet, i.e., a localized set of Potts variables that can be collectively
relabeled to produce an alternative low-energy solution. Such droplets provide a
compact description of near-degeneracies and are useful for characterizing solution
diversity in subsequent benchmarking.

The remaining setup (choice of contraction accuracy x, inverse temperature
B, beam width M, and CPU/GPU backend) is analogous to the King’s graph
case described in the previous subsection. In practice, since the inpainting
landscape is typically highly degenerate, the solver may find multiple visually
plausible reconstructions.

3.4 Conclusion

In this chapter, we have introduced SpinGlassPEPS.jl, a tensor-network-
based solver tailored to Ising-like optimization problems defined on quasi-two-
dimensional graphs, with a particular focus on geometries relevant to current
quantum annealing processors such as Pegasus and Zephyr. The central algo-
rithm reformulates the ground-state search as a branch-and-bound procedure
in probability space: low-energy configurations are identified as the most prob-
able states of an effective Potts model at finite inverse temperature, with the
corresponding Boltzmann marginals approximated via PEPS contractions on
a square lattice. This construction allows one to handle large unit cells by
clustering physical spins into higher-dimensional Potts variables and exploiting
locality.



3.4. CONCLUSION 51

On structured, grid-like instance families (square and king’s graphs), the
PEPS-based tensor-network solver SpinGlassPEPS. j1 is the most accurate
method in our benchmark, for the median instance it reaches Fapprox = 0,
i.e., it attains the best-reference energy among all compared solvers. This
advantage, however, comes at a higher computational budget. The regime in
which the TN solver closes the remaining optimality gap is the long-runtime tail
(typically ~ 101-10s), whereas faster baselines achieve near-optimal energies
quickly but plateau at a small residual error that grows mildly with system
size.

From an implementation perspective, SpinGlassPEPS. j1 provides a mod-
ular Julia ecosystem that mirrors the algorithm’s structure. The package
SpinGlassNetworks. j1 maps Ising instances to clustered Potts Hamiltonians,
SpinGlassEngine. j1 implements the deterministic branch-and-bound search
and reconstruction of the low-energy spectrum, and SpinGlassTensors.jl
provides an approximate contraction back-end with seamless CPU/GPU in-
tegration built on well-established TensorOperations.jl. This design lowers
the barrier to using tensor-network techniques for classical optimization [121]
by combining sparse tensor structures [2], GPU acceleration, and a clean,
composable API, while still allowing individual components to be reused in
other physics-inspired algorithms.

Within the broader context of this thesis, SpinGlassPEPS.jl plays a dual
role. First, it serves as a QPU topology-aware classical baseline, enabling
fair, like-for-like comparisons to quantum annealers on native hardware graphs
in the benchmarking study of Chapter 4. Second, it provides a flexible plat-
form for further methodological developments, such as alternative contraction
schemes (e.g., Corner Transfer Matrix [122, 123]), extended Potts geometries
(e.g., LHZ-type architecture [124]), multi-GPU execution, and approximate
thermodynamic observables [125]. Together, the algorithmic and software
contributions of this chapter establish a practically useful tensor-network solver
that both clarifies the strengths and limitations of TN-based optimization [2]
for QPU-relevant graphs and supports the subsequent analysis of quantum
annealers in the rest of the thesis.






Chapter 4

Benchmarking Quantum
Annealers Against Selected
Classical Solvers

Benchmarking quantum optimization devices is essential for separating genuine
computational advantage from improvements that can be explained by instance
selection or evaluation artifacts [20, 22, 126, 127]. At the same time, it is
technically demanding: quantum annealers are analog, open, and hardware-
constrained systems whose performance depends not only on problem structure,
but also on control errors, finite temperature, limited connectivity, parameter
setting, and sampling noise (see Chapter 2). These features blur the boundary
between algorithmic performance and hardware idiosyncrasies, making “fair”
comparisons to classical solvers nontrivial. Meaningful benchmarking, therefore,
requires carefully designed instance families that probe relevant structure while
avoiding triviality, explicit runtime and success criteria, and metrics that
capture both optimization quality and the ability to generate diverse low-
energy solutions rather than a single best outcome [128].

In this chapter, we benchmark quantum annealing devices against a set
of competitive classical baselines under a consistent experimental protocol.
Performance is evaluated using complementary indicators: the best energy
observed, time-to-approximation-ratio, and diversity of near-optimal solutions.
Together, these metrics provide a multi-faceted picture of annealer behavior
across instance classes and problem sizes and enable a principled assessment
of where quantum annealing is competitive, where it saturates, and how its
performance compares to classical heuristics. An additional goal of this chapter
is to benchmark SpinGlassPEPS. j1 as a transparent, topology-aware tensor-
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network baseline for Ising optimization and low-energy sampling.

Author contributions My contribution in this chapter is the development
and execution of a controlled benchmarking framework for quantum annealers
versus classical baselines, including the construction of instance families and
the systematic collection and interpretation of experimental results under a
unified protocol.

Relation to published work This chapter synthesizes and reinterprets
results previously reported in my publications |1, 2|, organizing them into a
unified benchmarking narrative and a consistent set of metrics and comparisons
used throughout the thesis. While the majority of experimental results and
baselines follow the published studies, the chapter also includes new material
that was not part of the original publications: in particular, an additional
analysis of D-Wave performance on lattice-structured instances and the resulting
insights into the practical impact of minor-embedding.

4.1 Methodology

Establishing a fair benchmarking methodology for comparing quantum an-
nealers with classical solvers is nontrivial. The outcome depends not only on
the quantum device, but also on the strength of the chosen classical baselines,
implementation details, and hyperparameter tuning (e.g., temperature sched-
ules, stopping criteria, and parallelization strategy) [128]. Instance selection is
equally important: different instance families can probe different algorithmic
mechanisms and may favor particular solver architectures. In this chapter, we
therefore distinguish two broad classes of problem instances: topology-native
instances (defined directly on the hardware connectivity graph) and lattice-based
instances (defined on regular lattices and, when needed, embedded into the
target topology). Both classes are described in detail in the following sections.

A second methodological issue concerns the definition of runtime. For de-
terministic solvers (e.g., SpinGlassPEPS. j1), it is natural to report the elapsed
wall-clock time of the computation, together with the computational setting
(CPU/GPU model, number of threads, and solver parameters). For stochastic
solvers, including quantum annealers and randomized classical heuristics such
as simulated bifurcation, a single run does not certify optimality, and perfor-
mance is typically summarized by a time-to-solution (TTS) metric, defined
as the expected time required to obtain at least one successful sample with a
prescribed confidence level.
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Let ps denote the probability that a single solver run returns a successful
sample (according to a specified success criterion), and let t,,, denote the
duration of one run. The time-to-solution for target confidence p; is then

In(1 — py)
In(1 — pg)’

In our experiments, for D-Wave processors, we set ¢y, to the total QPU
use time as reported by the Ocean toolkit, while for classical stochastic solvers,
we use the measured wall-clock compute time per run on the corresponding
hardware.

Since identifying the true optimum energy E* is often infeasible at the scales
considered here, we also report a time-to-target metric based on approximate
solutions. Concretely, we use time-to-approximation-ratio (also referred to
as time-to-¢), where a run is deemed successful if it returns a configuration
with energy within a prescribed approximation ratio using a relative tolerance.
Defining

TTS(pt) = trun (4.1)

p. = P(E(z) < E* +¢), (4.2)

the corresponding runtime estimator is

ln(l — pt)
ln(l — pg) ’

When using approximation ratios, € is replaced by a relative threshold
(defined in Section 4.1), while the probabilistic structure of the metric remains
unchanged.

Finally, empirical T'TS distributions are often heavy-tailed and strongly
instance-dependent [129]. To reduce sensitivity to outliers and improve inter-
pretability across heterogeneous instance families, we report robust summary
statistics (in particular medians and selected quantiles) rather than relying ex-
clusively on means. All classical computations were performed on the hardware
reported in Table 4.1.

TTr (pt) = trun (43)

Problem instances

We consider two broad families of benchmark instances. The first family
consists of instances native to the connectivity graphs of contemporary quantum
processing units (QPUs), such as the Pegasus and Zephyr topologies realized
in D-Wave devices; see section 2.3 and Figure 2.3. In this setting, the logical
interaction graph of the Ising model coincides with the hardware graph, so
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Table 4.1: Hardware configuration used for the benchmarks reported in this chapter.

Component Specification

CPU Intel Core i9-7980XE, 2.60 GHz
System memory 128 GB RAM

GPU NVIDIA TITAN RTX

GPU memory 24GB VRAM

that no additional embedding overhead is incurred. We focus on several chosen
instance sizes that correspond to theoretical hardware graph topologies. For
Pegasus, these sizes are 216 spins (P4), 1176 spins (P8), and 5375 spins (full
working graph). For Zephyr, due to the small size of the prototype machine,
we use instance sizes of 332 spins (Z3) and 563 spins (full working graph).

The second family comprises lattice instances defined on simple two-
dimensional graphs with small repeating unit cells (see Fig. 3.6). The unit
cell consists of one or two spins. These lattices interpolate between purely
nearest-neighbor square geometries and more densely connected King’s graphs,
while retaining a high degree of spatial regularity. We consider 50 x 50 site
lattices.

We further subdivide the instances according to the way in which the
coupling strengths J;; and local fields h; are generated. In particular, we
distinguish three principal classes, denoted RCO (Random Coupling Only),
RAU (Random Uniform), and CBFM-P (Corrupted Biased Ferromagnet for
Pegasus) [126]. Their characteristics are summarized in Table 4.2. For Pegasus-
native instances, we used all three classes; Zephyr-native used two classes (RAU
and RCO), and all lattices are of the RCO class.

e RAU - Random Uniform. The couplings are taken uniformly at random
from the [-1, 1] interval, J; ; € U(—1, 1), and the external fields are taken
from [—0.1,0.1] interval, h; € U(—0.1,0.1).

e RCO - Random Coupling Only. The external fields are all set to 0
and couplings are generated from [—1, 1] interval uniformly at random,

Jij € Uu-1,1).

e CBFM-P - Corrupted Biased Ferromagnet instances for Pegasus [126]. It
uses the following distribution of parameters for the connectivity graph

G:
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Yijer@ P(Ji; = 0) = 0.35, P(J;; = —1) = 0.10, P(J;; = 1) = 0.55
Yiev(e) P(hi = 0) = 0.15, P(h; = —1) = 0.85, P(h; = 1) = 0.

’ Class \ Description ‘
RCO Random couplings in [—1, 1]
RAU RCO + random local fields in [—0.1,0.1]
CBFM-P | Instances of Ref. [126] for Pegasus graph.

Table 4.2: Classes of problem instances on native QPU hardware graph that are
considered in this benchmark

It is worth noting that RCO instances exhibit a global reflection symmetry.
That means that for any given solution s, the solution —s, where every spin is
flipped, gives exactly the same energy. This symmetry is broken in the RAU
instances. The instances of the class CBFM-P are taken from [126] and serve
as a standard benchmarking class.

For each of the aforementioned categories and given instance size, we
generated 20 test instances. The number of instances allows us to test a variety
of instances while keeping the time cost reasonably low.

Performance metrics

To enable a meaningful comparison between quantum annealers and classical
solvers, we employ several complementary performance metrics. The two
fundamental metrics are quality of solutions denoted by Eapprox and diversity
of solutions D. Both will be considered within the time-to-solution (TTS)
framework.

The first metric, Eapprox, is defined as the relative difference between the
solution found by the given method and the best one found across all methods.
For a given instance, let E be the energy of the best solution found by a
particular method, and let Eys denote the lowest energy obtained for that
instance across all methods and all runs considered in the benchmark. Since,
in many cases, certifying the true ground-state energy is practically infeasible,
Fhest serves as a pragmatic surrogate.

E— Ebest
E ToX — "o >
appro 2|Ebest|

The diversity of solutions [130] metric serves as a way to probe the quality
of sampling of diverse approximate solutions of a spin-glass problem. We search

(4.4)
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for high-quality solutions, meaning their energy is within approzimation ratio
a, of the best found energy. Formally Qso < a,.. Within those, we chose the
largest set of independent solutions. We say that configurations s and s’ are
independent if their Hamming distance d is above a chosen threshold R relative
to their size N. Formally:

D = |max{s; Vs Qsol < ar A Vs d(s,s’) > RN}| (4.5)

To compare the performance of the considered solvers, we first estimate the
reference (ground-truth) diversity, Diotal, for each problem instance. Specifically,
we pool all candidate solutions from all solvers and identify the largest subset of
independent, low-energy solutions that lie within the prescribed approximation
ratio a,. This selection task can be cast as a maximum-clique problem by
constructing a graph whose vertices represent eligible low-energy solutions and
whose edges connect pairs of solutions whose Hamming distance exceeds a chosen
threshold (so that every pair in the selected subset is mutually “independent”).
The associated decision version of the clique problem is NP-complete [45]. We
approximate its solution using a randomized heuristic approach. We iterate
over the list of states in a random order, building, in the process, a set of
independent states. At each iteration step, a configuration is added to the list
of independent states if it is independent of all configurations already in the
list. We select the largest set obtained across all the restarts of that procedure.
Empirically, the clique size typically saturates after about 102 restarts. Finally,
we set Dyotal to the size of the resulting clique. Our final metric is Dy, athrmappros
defined as:

D v
Dapprox = Dstotelr, (4-6)
ota.

where Dgolver is the diversity of solutions found by each solver for a given
problem instance.

Both metrics are explored within the time-to-approximation-ratio frame-
work. We are interested in the full time-quality trade-off curve, i.e., comparing
the achieved approximation ratio with the computation time required to obtain
it.

Solvers

The main method we used for benchmarking is SpinGlassPEPS. j1 implemen-
tation of the tensor-network (TN) based algorithm described in the previous
chapter. Parameter selection was performed separately for each graph type.
For example, the 5 parameter was set 5 = 1/2 for Pegasus geometries while
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B =1 was used for Zephyr topologies. In addition to full-space TN simulations,
we additionally conduct simulations with local dimensional reduction of cluster
degrees of freedom, as described in [2]. Here, for Pegasus-native instances we
reduce the 224 cluster states to 220 and 2'6. For Zephyr-native instances we
reduce from 2'6 states to 24 and 2'2 states. Due to memory limitations, for
the Pegasus instances with 5376 spins, we only performed calculations with
local dimensional reduction to 26 states.

When performing quantum annealing, we have chosen two different total
annealing times: 7 = 200 us and 7 = 2000 pus. Due to time limitations, not
all instances were solved within 200 us of total annealing time. Details and
physical characteristics of used devices can be found in Appendix D.

Additionally, we employed several different classical and physics-inspired
solvers as baselines for benchmarking the quantum annealing devices. In par-
ticular, we used simulated annealing (SA), simulated bifurcation (SBM), and
parallel annealing (PA). Most of these solvers were implemented by the author
in a unified code base [131], ensuring consistent instance handling, parameteri-
zation, and performance evaluation across the different approaches. Simulated
bifurcation is an exception, as we have used an external implementation. All
classical computations were performed on the hardware reported in Table 4.1.

4.2 Results

Unless stated otherwise, we report median performance over 20 randomly
generated instances per class and size, i.e., at each runtime we take the median
value of the metric across the instance set. We focus on native problem graphs
to avoid confounding effects from minor embedding. Figs. 4.1, 4.2 and 4.3
summarize optimization performance via the approximation ratio Fapprox, where
E,pprox = 0 corresponds to the best energy observed across all solvers on that
instance set. For Pegasus, we consider N = 216, 1176,5376 spins, for Zephyr
N = 332,563 spins, and for lattice instances N = 400, 900, 1600 spins. The
largest size for each topology uses the full working graph, and for lattices, it is
the biggest King’s graph embeddable on the available QPU.

Solution quality and time-to-approximation

Pegasus For the smallest Pegasus instances (N = 216, left column of Fig. 4.1),
most methods reach F,pprox =~ 0 within the displayed budgets, but the required
time differs by orders of magnitude. Simulated bifurcation (SBM) and quantum
annealing (QA) reduce E,pprox rapidly and typically attain the best-reference
energies in the sub-second to few-second regime. In contrast, the tensor-network
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(TN) variants reach comparable accuracy only at substantially longer times,
indicating that at this scale, TN can match solution quality but at markedly
higher computational cost.

At N = 1176 (middle column), solver behavior separates clearly across all
instance classes. SBM is the only method that consistently reaches Fapprox = 0
within moderate runtimes (typically O(1)-O(10) s for the median instance).
QA improves quickly at short times but often saturates at a small nonzero
error (~ 1074-1073), suggesting near-optimal solutions that do not coincide
with the best-reference energy within the explored budget. The reduced-TN
variants appear only at long runtimes (~ 103-10* s) and plateau at higher errors
(often 1073-1072), consistent with an explicit accuracy-tractability trade-off
introduced by local-state truncation.

For the largest Pegasus instances (N = 5376, right column), these trends
are even stronger. SBM still reaches Eapprox = 0 in the median curves, albeit
at larger time budgets (typically ~ 102 s). QA continues to deliver high-
quality solutions quickly but does not reach the best-reference energy within
the shown budgets, instead flattening at a small yet nonzero E,pprox. TN-based
approaches remain confined to long runtimes and show clear saturation at
higher approximation errors, with no indication (within feasible execution
parameters) of closing the gap to SBM at this scale.

Zephyr Figure 4.2 shows analogous results on native Zephyr instances. Across
both sizes and both classes, SBM exhibits the fastest convergence to Eapprox = 0.
QA shows a strong dependence on the anneal time: the longer schedule (7 =
2000 ps) approaches SBM performance and reaches Eupprox = 0 for the median
instance, while the shorter schedule (7 = 200 us) improves only modestly with
runtime and typically plateaus at a nonzero error (around 10~4-1073). TN
and reduced-TN curves appear predominantly in the long-time regime and
remain above the best-reference energy throughout the shown budgets. Both
truncation levels improve over full TN, but neither closes the gap to SBM nor
to long-anneal QA on these Zephyr sizes.

Lattices Figures 4.3 summarize the time-to-approximation performance on
structured 2D lattices (square and king’s graphs) for system sizes 20 x 20,
30 x 30, and 40 x 40. In all six panels, the PEPS-based tensor-network (TN)
solver attains Fapprox = 0 for the median instance, i.e., it identifies the best-
reference energy among the compared methods, but only in the long-time
regime (typically ~ 10'-10%s). By contrast, the simulated bifurcation machine
(SBM) reaches near-optimal energies much faster (order-unity to ~ 10s), yet
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Figure 4.1: Time-to-approximation-ratio on Pegasus-native Ising instances. Each
panel shows the approximation ratio Eapprox = (E — Ebest)/(2|Ebest|) versus runtime
for three instance classes: CBFM-P (top row), RCO (middle row), and RAU (bottom
row), and system sizes N = 216,1176,5376 spins. We compare simulated bifurcation
(SBM), the PEPS-based tensor-network solver (TN), and D-Wave quantum annealing
with anneal times 7 = 200 us and 2000 us. “Reduced TN” denotes TN runs preceded
by local dimensional reduction of each 24-spin Pegasus cluster from 224 to 216 or 220
states. Lower values indicate better solutions, with Fypprox = 0 corresponding to the
best energy observed across all solvers.

it systematically plateaus at a small residual error that grows mildly with
size (roughly Eapprox ~ 10*4710*3). The quantum annealer operates at the
shortest times but stabilizes at noticeably higher approximation errors (typically
Eapprox ~ 1072), with the longer anneal schedule 7 = 2000 pus providing only a
modest improvement over 7 = 200 us.
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Figure 4.2: Time-to-approximation-ratio on Zephyr-native Ising instances. Each
panel shows the approximation ratio Eapprox = (E — Epest)/(2|Ebest|) versus runtime
for two instance classes, RAU (top row), and RCO (bottom row), and system sizes
N = 332,563 spins. We compare simulated bifurcation (SBM), the PEPS-based tensor-
network solver (TN), and D-Wave quantum annealing with anneal times 7 = 200 us
and 2000 us. “Reduced TN” denotes TN runs preceded by local dimensional reduction
of each 16-spin Zephyr cluster from 26 to 2'4 or 2'? states. Lower values indicate
better solutions, with E,,prox = 0 corresponding to the best energy observed across
all solvers.

Diversity of solutions

Figs. 4.4 and 4.5 report the normalized diversity fraction Dapprox € [0, 1] for the
same instance sets as above. We use an independence threshold R = 1/2, i.e.,
two solutions are considered distinct only if they differ on at least half of the
spins, and we restrict attention to near-optimal states within approximation
ratio a, = 0.01. The total reference diversity is obtained by pooling solutions
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Figure 4.3: Time-to-approximation-ratio on lattice instances. Each panel shows the
approximation ratio Eapprox = (E — Ebest)/ (2| Ebest|) versus runtime for two instance
classes, without diagonal connections (left column) and with them (right column),
and system sizes N = 400, 900, 1600 spins (20 x 20, 30 x 30 and 40 x 40). We compare
simulated bifurcation (SBM), the PEPS-based tensor-network solver (TN), and D-
Wave quantum annealing with anneal times 7 = 200 us and 2000 us. The D-Wave
quantum annealers required embedding, as tested instances are not-native. Lower
values indicate better solutions, with F,pprox = 0 corresponding to the best energy
observed across all solvers.
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from all solvers, as described in section 4.1. The median pooled value Diotq is
annotated in each panel.

Pegasus. Across essentially all Pegasus panels, SBM and QA reach large
diversity fractions at substantially shorter times than TN-based approaches.
For the larger instances (IV = 1176 and N = 5376), SBM typically reaches
Dgpprox = 1 rapidly, indicating near-complete coverage of the pooled indepen-
dent low-energy set under the chosen (R,a,) criteria. QA with the longer
anneal (7 = 2000 us) often follows a similar trend and, on several panels,
also approaches Dgpprox & 1, whereas the shorter anneal tends to plateau at
noticeably smaller diversity fractions. In contrast, TN and reduced-TN variants
appear predominantly in the long-time regime (hundreds to tens of thousands
of seconds) and achieve only intermediate diversity (Dapprox ~ 0.2-0.55), con-
sistent with a bias toward producing a small subset of near-optimal states
rather than broadly exploring the low-energy manifold.

Zephyr. On Zephyr (Fig. 4.5), the pooled reference diversity is modest
(Diotal = 5-6), yet clear method-dependent differences persist. SBM reaches
Dqpprox = 1 in the short-time regime for both sizes and both classes. QA again
depends strongly on anneal time: 7 = 2000 us approaches full diversity, while
7 = 200 us plateaus at substantially reduced diversity (~ 0.3-0.4). TN-based
methods remain far less competitive in terms of time-to-diversity and saturate
well below unity even at much longer runtimes.

4.3 Conclusion

In this chapter, we benchmarked D-Wave quantum annealing against com-
petitive classical baselines on instance families that are directly relevant to
near-term analog quantum optimization hardware. We focused on (i) native
Ising problems on Pegasus and Zephyr graphs, thereby avoiding the confounding
effects of minor embedding, and (ii) structured quasi-two-dimensional lattice
instances that interpolate between regular grids and denser “king’s-graph” ge-
ometries. To make comparisons meaningful across fundamentally different
computational paradigms, we evaluated complementary aspects of performance:
energy quality via the time-to-approximation-ratio, as well as the ability to
generate diverse near-optimal configurations.

On native Pegasus/Zephyr instances, the clearest outcome is that simulated
bifurcation (SBM) provides the strongest time-to-best-energy performance for
the median instance across the tested sizes. Quantum annealing produces
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Figure 4.4: Time-to-diversity-ratio for native Pegasus instances. We set R = 1/2 and
ar = 0.01. Each panel shows the time needed to reach the given median fraction
of diverse solutions D,pprox. The total diversity of each instance is obtained by
combining the outputs of all considered solvers. The median among 20 instances
is denoted as Diota) and annotated in each panel. We considered instance classes:
CBFM-P (top row), RCO (middle row), and RAU (bottom row), and system sizes
N = 216,1176,5376 spins. We compare simulated bifurcation (SBM), the PEPS-
based tensor-network solver (TN), and D-Wave quantum annealing with anneal times
7 = 200 ps and 2000 ps. “Reduced TN” denotes TN runs preceded by local dimensional
reduction of each 24-spin Pegasus cluster from 224 to 216 or 229 states.
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Figure 4.5: Time-to-diversity-ratio for native Zephyr instances. We set R = 1/2 and
a, = 0.01. Each panel shows the time needed to reach the given median fraction of
diverse solutions D,pprox. The total diversity of each instance is obtained by combining
the outputs of all considered solvers. The median among 20 instances is denoted as
Diotar and annotated in each panel. We considered instance classes: RAU (top row),
and RCO (bottom row), and system sizes N = 332,563 spins. We compare simulated
bifurcation (SBM), the PEPS-based tensor-network solver (TN), and D-Wave quantum
annealing with anneal times 7 = 200 us and 2000 us. “Reduced TN” denotes TN runs
preceded by local dimensional reduction of each 16-spin Zephyr cluster from 26 to
214 or 212 states.
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high-quality solutions very rapidly, but its performance depends strongly on
schedule choice: longer anneals improve both energy and coverage of the low-
energy manifold, whereas short anneals tend to plateau at small but nonzero
approximation error and reduced diversity. Interpreted operationally, QA is
highly competitive as a fast heuristic and sampler under suitable settings, but
it does not consistently reach the best-reference energies within the explored
budgets at the largest scales.

SpinGlassPEPS. jl serves as a transparent, topology-aware tensor-network
baseline, and these experiments quantify its current strengths and limitations.
While TN-based methods can achieve good energies and provide a principled
classical point of reference aligned with the hardware topology, on large QPU-
native random instances, they are dominated in both time-to-approximation
and time-to-diversity under feasible contraction and truncation settings. The
observed sensitivity to contraction order/boundary choice indicates that the
practical bottleneck is not expressivity of the PEPS ansatz per se, but the
stability and accuracy of approximate contraction at scale; addressing this is
the primary route to improving competitiveness on the largest native instances.

A further lesson is that energy-only benchmarking is incomplete. For several
instance families, the ranking of solvers depends on whether the task is rapidly
finding one near-optimal configuration or efficiently exploring a diverse set of
low-energy configurations. In this sense, solution diversity is not merely an
auxiliary metric but a task-defining criterion that changes how “performance”
should be interpreted for quantum annealers and other Ising machines.

Overall, the chapter establishes an experimental protocol and a set of
metrics that support controlled, apples-to-apples comparisons between quantum
annealers and modern classical solvers on hardware-relevant problems. The
quantitative gaps and plateaus identified here motivate the subsequent analysis
of physical resource costs and post-processing strategies, which aim to connect
algorithmic performance to thermodynamic efficiency and to assess how much
additional improvement can be extracted beyond raw device sampling.






Chapter 5

Thermodynamic Properties of
Quantum Annealers

In the previous chapter, we benchmarked quantum annealers against strong
classical and quantum-inspired heuristics. While quantum annealers can gener-
ate low-energy solutions very rapidly, their performance often saturates at a
non-zero approximation error, and they do not reliably reach the global optima
achieved by the best classical solvers (such as SBM) on the largest instances.
This indicates that benchmarking based solely on algorithmic performance
captures only part of the relevant behavior of these devices.

If a quantum annealer does not provide a clear advantage in speed or
solution quality, it becomes crucial to ask a more fundamental questions: how
does it compute? Is it operating as an efficient thermal machine? Quantum an-
nealers are physical systems operating far from equilibrium, exchanging energy
with external controls and their environment. From this perspective, optimiza-
tion performance must be analyzed together with the thermodynamic cost of
computation. In particular, this allows us to analyze whether the observed
"saturation" reflects a trade-off between success probability, thermalization, and
energy dissipation rather than a purely algorithmic or fundamental limitation.

In this chapter, we analyze quantum annealers as thermodynamic machines
and shift the focus of benchmarking from computational metrics to physical
ones. Using fluctuation relations and thermodynamic uncertainty relations,
we extract hardware-certified bounds on work, heat, entropy production, and
power directly from experimentally accessible energy statistics. This framework
enables energy-aware benchmarking of quantum annealers and provides a
complementary perspective on their performance, independent of time-to-
solution and solution quality alone.

69
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Author contributions I designed the experimental protocol (including
the selection of schedules and control parameters) and collected data on D-
Wave hardware. I then assisted in the analysis and interpretation of results by
processing the experimental outputs, extracting the relevant performance figures
of merit, and quantifying the associated energetic/thermodynamic implications.

Relation to published work

This chapter builds on the author’s published work on thermodynamic char-
acterization of quantum annealers [3] and represents the underlying frame-
work (fluctuation relations, pseudo-likelihood thermometry, and TUR-certified
bounds on work/heat /entropy production) in a unified notation consistent with
the thesis. While parts of the methodology and selected baseline experiments
correspond to the published study, the results reported here substantially ex-
tend it: all experiments performed on native Pegasus connectivity, as well as
the complete set of two-dimensional instance studies (including the scans over
turning point s and cycle time 7 and the associated operating-mode/efficiency
analysis), are new.

5.1 Quantum annealer as a thermal machine

In this chapter, we model quantum annealing as a thermodynamic process.
The algorithmic principles of quantum annealing and their implementation in
D-Wave devices were introduced in Chapter 2. Here, we adopt a complementary
perspective and focus on the device’s physical operation, treating the annealing
protocol as a driven, non-equilibrium process in which energy is exchanged
with both external control fields and the environment.

Experimental and theoretical studies indicate that D-Wave quantum anneal-
ers operate as driven open quantum systems [132, 133|. During the annealing
cycle, the processor is subject to time-dependent electromagnetic control fields
that perform work on the system while simultaneously interacting with a
low-temperature environment that enables heat exchange [134]. From this
perspective, the quantum annealer functions as a thermodynamic machine
rather than a closed computational device. A schematic representation of this
viewpoint, illustrated for the reverse annealing protocol, is shown in Fig. 5.1.

We assume that, at the beginning of the annealing cycle, the combined
state of the processor (system S) and its environment (E) is given by a product
of thermal states,



5.1. QUANTUM ANNEALER AS A THERMAL MACHINE 71
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Figure 5.1: Schematic representation of a D-Wave processor operating under a reverse
annealing protocol and viewed as a thermal machine. The system is initialized in a
thermal state at inverse temperature $; and exchanges work with external controls
and heat with an environment at inverse temperature (o.
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Zs Zg

p= (5.1)
where Hg and Hg denote the Hamiltonians of the system and the environment,
respectively, and Zg and Zg are the corresponding partition functions. The
inverse temperatures 51 and (32 characterize the initial thermal states of the
processor and the environment.

To describe energy exchange during the annealing process, we employ the
quantum exchange fluctuation theorem [135, 136], which relates the probabilities
of forward and backward energy exchange events,

P(AE,AEy) g aB+4AF,
P(—AE;, —AE,) '

(5.2)

Here, AE; and AFE5 denote the energy changes of the processor and its environ-
ment during a single annealing run, and P(AFE;, AFEj>) is the joint probability
distribution of observing these energy changes. This relation provides the
theoretical foundation for extracting thermodynamic information—such as
entropy production, heat, and work—from experimentally accessible energy
statistics and serves as the basis for the analysis presented in the remainder of
this chapter.
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We focus on three thermodynamic quantities that characterize the operation
of a quantum annealer viewed as a thermal machine: the average entropy
production (X)), the average work performed by the external driving (W),
and the average heat exchanged with the environment (Q). In the context of
quantum annealing, these quantities can be defined as [134]:

() = B1(AE1) + B2(AEs), (5.3)
(W) = (AE1) + (AEy), (5.4)

where AFE, and AFEs denote, respectively, the energy changes of the processor
and its environment during an annealing cycle. Entropy production quantifies
irreversibility, work captures the energetic cost of external control, and heat
measures energy dissipated into the environment.

A key practical limitation is that, in experiments on D-Wave quantum
annealers, only the processor’s energy change, AE1, is directly accessible. The
environmental energy change AF5 is not measurable, and consequently, none
of the above thermodynamic quantities can be obtained directly. Instead,
they can be rigorously lower bounded using thermodynamic uncertainty rela-
tions (TURs) [137], which relate dissipation to fluctuations of experimentally
observable quantities.

In particular, the entropy production satisfies:

AFE

() =29 (220 ) (5.6)
(AEY)

while the average heat and work are bounded as

<@>>ﬂ2 (%AE];) A am) (5.7)

W)= 5,9 ( AAEJ;2> <1_g;> (BF o

where g(r) = ztanh™'(z). These inequalities depend only on the first two
moments of the processor energy change and therefore provide *hardware-
certified bounds* on dissipation, work, and heat using experimentally accessible
data alone.
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To evaluate these bounds, the inverse temperature of the environment S,
must be estimated independently. To achieve this, we employ the pseudo-
likelihood method [138], which infers an effective bath temperature from the

statistics of the measured spin configurations. Given a dataset D = s', ... s
of D samples produced by the quantum annealer, where s = (sil, e ,s‘fv),
d=1,...,D, the environmental inverse temperature is defined as

By = argmgx/\(ﬂ), (5.9)

with the pseudo-likelihood function

N D
N %ZZm Lexp | =265 (hi+ Y Jyst) | |- (5.10)

i=1 d=1 JEN(4)

Here, N (i) denotes the set of spins coupled to s;. This procedure yields an
effective temperature Ty = 35 L of the environment and completes the set of
inputs required to evaluate the TUR bounds used throughout the remainder of
this chapter.

Combining (¥) > 0 with (W) = (AE;) + (AE;) and 0 < 81 < B2 admits
only four consistent sign patterns for ((AEl), (AE,), (W)) and consequently
modes of operation [134]:

Operation (AET) (AEy) (W)
Refrigerator |R] >0 <0 >0
Engine [E] <0 >0 <0
Accelerator [A] <0 >0 >0
Heater |H| >0 >0 >0

In practice, we determine the regime by evaluating (AFE;) from data, using
(5.7)—(5.8) to infer the compatible signs of (Q)) and (W). The power bound is
conservatively estimated by:

w
Pbound Z 77 (511)

with W defined as lower bound on (V).
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5.2 Methodology

All experiments were performed across multiple generations of D-Wave quan-
tum annealers to probe the robustness of the thermodynamic analysis across
hardware platforms. Specifically, we used a D-Wave 2000Q processor based on
the Chimera topology, an Advantage system6.4 processor implementing the
Pegasus topology, and an Advantage2 system4.3 processor implementing the
Zephyr topology. In the remainder of this chapter, these devices are referred to
as Chimera, Pegasus, and Zephyr, respectively. A summary of their physical
characteristics is provided in Appendix D.

All measurements were performed using reverse annealing protocols, with
and without a mid-anneal pause. In both cases, the annealing parameter s(t)
starts at s = 1, corresponding to a classical Ising Hamiltonian, decreases to a
programmable minimum value s,, and subsequently returns to s = 1 over a
total annealing time 7. For the reverse annealing schedule without a pause, we
use

¢
1-2(1—s), te [0, Z}’
s(t) = T 2 (5.12)
t T
1425, 2(1—sa)", te [5,7] .
T

When a mid-anneal pause is employed, the schedule takes the form

t r 7

1—3(1—s,)%, ¢ 0,,}7
( 8)7' 6_ 3
[+ 2

s(t) = { Sas te;ﬂ (5.13)
t [ 27
1435, 4+3(1—s,)>, te | 1.
+ 3sq + 3( S)T 6_3 T:|

In both cases, each annealing run is initialized in a classical spin configuration
s sampled from the Boltzmann distribution of the problem Hamiltonian
Hpoplem at an effective inverse temperature 1. The sampling is done approxi-
mately by Markov Chain Monte Carlo (MCMC) [139).

Our analysis focuses on both computational and thermodynamic perfor-
mance metrics. As a computational figure of merit, we introduce a notion of
computational efficiency 7eomp, defined as the ratio between the probability of
successfully sampling the ground state and the energetic cost of the annealing
process,

Pas

Neomp < <W>’ (5.14)
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where (W) denotes the average work performed during an annealing cycle. The
ground-state success probability is defined as

PGS = ]P)(S* [ ,_'5')7 (515)

with s* denoting a ground-state configuration and s the output spin configura-
tion of a single annealing run.

We emphasize that neomp is not intended as a universal measure of algo-
rithmic performance. Rather, it is chosen to capture a physically motivated
trade-off between solution quality and energetic cost, which is particularly
relevant when quantum annealers operate in a regime resembling that of a
thermal accelerator [134].

To complement this computational perspective, we consider the thermody-
namic efficiency

Neh < s (5.16)

(@

which quantifies how efficiently work input is converted into heat exchanged with
the environment. Unlike the efficiency of a heat engine, 7, is not constrained
by the Carnot bound [140], as the annealer operates as a driven non-equilibrium
system rather than as a cyclic engine between two equilibrium reservoirs.

For problem instances where the ground-state energy E* can be reliably
identified, we additionally evaluate the quality of the obtained solutions via

Qas = <EeXp> ; (5.17)

E*

where Eeyp is the energy of the sampled configuration and the average is taken
over all collected samples corresponding to a given data point.

Finally, we stress that the quantities 7comp and 7, obtained in this work
are not direct measurements, but thermodynamic lower bounds derived from
thermodynamic uncertainty relations. Their evaluation relies on accurate
statistics of the processor energy change, AF;, and a reliable estimate of
the effective environmental inverse temperature, S2. While this introduces
systematic uncertainty in absolute values, the comparative conclusions drawn
throughout this chapter remain robust, as all results are obtained under closely
matched experimental conditions and analyzed consistently across devices and
schedules.
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Experimental procedure

All experiments concerning thermodynamic and computational efficiency were
performed on the D-Wave 2000Q quantum annealer. The quantum processing
unit (QPU) implements a Chimera graph and comprises 2041 physical qubits
connected by 5974 couplers.

For each parameter pair (sq,7) (and, when applicable, each field strength),
we collect M independent readouts. Depending on resource availability, we use
M € [102,10%].

Each run begins from a classical spin configuration s sampled from the
Boltzmann distribution (see Eq. (1.4)) at an effective inverse temperature
B1 = 1 using a Markov chain Monte Carlo (MCMC) procedure [139].

In these experiments, we consider (among others) length-N = 300 chains
with disordered couplings and fields, and we scan the turning point § for
multiple cycle times 7.

5.3 Results

In this section, we present the experimental results of the thermodynamic
analysis of quantum annealers. We begin by examining standard computational
metrics—ground-state success probability and solution quality—to characterize
the device’s algorithmic behavior under different annealing protocols. We then
interpret these observations through the lens of thermodynamic efficiency, using
the bounds introduced in Section 5.1.

Figure 5.2 summarizes the success probability Pgg and the average solution
quality Qas for reverse annealing schedules with and without a mid-anneal
pause. For unbiased instances (h = 0), the minimum annealing parameter
was set to s, = 0.5, while for biased instances (h # 0) we used s, = 0.41.
These values were determined empirically as those yielding the highest success
probabilities under the respective conditions.

Computational performance

For unbiased instances without a pause, the success probability remains below
approximately 10% across the full range of annealing times. In practical
terms, this implies that in a batch of 10% samples, fewer than one hundred
configurations correspond to the true ground state. At the same time, the
solution quality QQqs is relatively high, exceeding 0.75 already for short anneals
and saturating near 0.95. This indicates that the device frequently samples
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low-energy local minima that are close in energy to the ground state but rarely
reaches the true optimum.

Introducing a uniform external magnetic field substantially alters this
behavior. For h = 1, the success probability increases dramatically, reaching
values of order 80%, while Qgs approaches unity. Since the external field is
applied uniformly to all spins, it does not change the identity of the ground
state. Instead, it reshapes the energy landscape by lifting degeneracies and
suppressing competing low-energy configurations, thereby facilitating relaxation
into the true ground state. This observation highlights that the saturation
seen in the unbiased case is not purely a dynamical limitation but is strongly
influenced by the structure of the energy landscape.

The effect of introducing a mid-anneal pause is particularly pronounced
in the unbiased case. Pausing the anneal at the minimum value s, results in
a substantial increase in the ground-state success probability while leaving
the average solution quality largely unchanged. This suggests that the pause
does not significantly alter the set of low-energy configurations explored by the
system, but rather redistributes their populations. A natural interpretation is
that the pause allows for passive thermal relaxation, during which diabatic and
thermally excited states decay toward the ground state under environmental
coupling. In contrast, when an external magnetic field is present and the
energy landscape is already strongly biased toward the optimum, the same
pause provides little benefit and can even slightly reduce the success probability,
indicating that additional thermalization may promote transitions away from
the ground state.

Thermodynamic efficiency

These algorithmic observations are reflected in the thermodynamic efficiency
bounds derived from thermodynamic uncertainty relations. In the absence of
an external magnetic field and without a pause, the bound on computational
efficiency 7comp increases only slowly with annealing time and never exceeds a
few percent. In contrast, the bound on thermodynamic efficiency 7, decreases
monotonically with annealing time, while remaining close to unity. This
behavior is consistent with a regime in which the device expends work primarily
to maintain near-equilibrium sampling around low-energy local minima, rather
than to reliably drive the system into the global ground state.

The introduction of a mid-anneal pause leads to a qualitatively different
regime. For unbiased instances, inserting a pause results in a sharp increase
of the ground-state success probability, from single-digit percentages to values
approaching 80%. This behavior is consistent with the interpretation that the
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Figure 5.2: Ground-state success probability Pgs and average solution quality Qgg for
an antiferromagnetic Ising chain with N = 300 spins, obtained using reverse annealing
schedules with and without a mid-anneal pause and for different values of the external
magnetic field h. Each data point is averaged over 100 annealing runs with 10 samples
per run.

pause allows the system to relax quasi-passively under environmental coupling,
enabling diabatic and thermal excitations accumulated during the reverse
anneal to decay into the ground state. Notably, in this regime the solution
quality remains high throughout, indicating that the pause primarily affects
the population of the ground state rather than the overall energy distribution.

Interestingly, when an external magnetic field is present, the insertion of a
pause no longer improves—and in some cases slightly degrades—the ground-
state success probability, despite maintaining high Qag. This suggests that
when the energy landscape is already strongly biased toward the ground state,
additional thermal relaxation during the pause can promote transitions away
from the optimal configuration. From a thermodynamic perspective, this
highlights that pauses do not universally improve performance but instead shift
the balance between work, heat dissipation, and relaxation in a manner that
depends sensitively on the underlying energy landscape.

Together, these results illustrate that quantum annealers can operate in
distinct thermodynamic regimes depending on schedule design and problem
structure. High-quality solutions can be obtained with relatively low dissipation
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Figure 5.3: Thermodynamic and computational efficiency for an antiferromagnetic
Ising chain with N = 300 spins, obtained using reverse annealing schedules with and
without a mid-anneal pause and for different values of the external magnetic field h.
Each data point is averaged over 100 annealing runs with 10 samples per run.

even when ground-state success probabilities remain modest, while improved
success probabilities often come at the cost of increased reliance on thermal
relaxation. This reinforces the central message of this chapter: algorithmic per-
formance and thermodynamic efficiency provide complementary, and sometimes
competing, perspectives on the operation of quantum annealers.

Thermodynamic properties

We begin by characterizing the thermodynamic properties of a simple, well-
controlled system: a one-dimensional Ising chain with N = 300 spins. The
couplings are drawn uniformly at random from [—1, 1], and longitudinal fields
from [—h, h]. The instance is embedded on the D-Wave processor and initialized
in a Gibbs state of the problem Hamiltonian at inverse temperature 8; = 1.
This setting allows us to isolate the intrinsic thermodynamic behavior of the
annealer with minimal embedding overhead and a well-understood equilibrium
reference.

The observed behavior in Fig. 5.4 is consistent with both device specifi-
cations and equilibrium theory. According to manufacturer data, the QPU
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Figure 5.4: Thermodynamic response of a one-dimensional Ising chain (N = 300)
programmed on a Pegasus QPU. From the statistics of the processor energy change, we
infer (i) an effective environment temperature Ts(s) via pseudo-likelihood thermometry
and (ii) thermodynamically certified lower bounds on the work and power per spin
using fluctuation relations and thermodynamic uncertainty relations. Results are

shown as a function of the reverse-annealing turning point s for several values of the
longitudinal field h.

operates at temperatures below approximately 20 mK [16], and the inferred
effective bath temperatures T5(s) remain within this envelope, up to calibra-
tion uncertainty and the fact that 75 is extracted from qubit statistics rather
than measured directly. From a theoretical perspective, the one-dimensional
transverse-field Ising model exhibits a quantum critical point at I'/J =1 [141].
Expressing the annealing Hamiltonian as H(s) = A(s)H, + B(s)H, with J
normalized to unity, this condition corresponds to A(s)/B(s) =~ 1, which on D-
Wave processors occurs near the mid-anneal crossing of the schedule functions
A(s) and B(s).

In this critical region, enhanced susceptibility and energy fluctuations are
expected. Correspondingly, we observe a sharp crossover near s = 0.6, where
the inferred T5(s) rises rapidly and the TUR-~certified lower bounds on work and
power exhibit pronounced peaks. Small changes in s within this interval produce
large changes in relaxation behavior and dissipation, indicating that the system
is most thermodynamically active in this narrow window. This phenomenology
aligns with previous experimental studies showing that dynamics, thermal
repopulation, and the effectiveness of pauses are strongest near and just after
the minimum gap.

Taken together, the data support the following picture: (i) across the
annealing parameter s the environment behaves as an effectively cold bath in
the millikelvin regime consistent with QPU specifications; (ii) near s ~ 0.6
the chain traverses its critical region (defined by A(s)/B(s) ~ 1), which
amplifies energy fluctuations and irreversibility; and (iii) this amplification
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Figure 5.5: Two-dimensional uniform instance on Pegasus. Scan of the reverse-
annealing turning point s for cycle times 7 = 100,200, 500, 1000 us. Panels show
(a) pseudo-likelihood effective bath temperature Th(s) (with 77 as reference), (b)
TUR-certified lower bound on the average work per spin (W)/L, (c) corresponding
power bound (P)/L, (d) mean processor energy change (AE;)/L, (¢) TUR lower
bound on dumped heat —(AFE»)/L, and (f) variance (AE?)/L. All observables exhibit
a pronounced crossover in a narrow “active window” of s (vertical guides), where
susceptibility and dissipation are maximal.

manifests simultaneously in T2(s) and in the TUR-certified bounds on work
and power. The co-occurrence of these signatures at the same s is the expected
thermodynamic hallmark of the quantum critical point for this instance.

Two-dimensional instances We now extend the analysis to more realis-
tic two-dimensional Ising instances embedded on the Pegasus architecture.
We consider three representative problem classes: a random uniform (RAU),
only random couplings (RCO), and corrupted biased ferromagnet for Pega-
sus (CBFM-P). Their detailed description can be found in Chapter 4. For
each instance, we scan the reverse-annealing turning point s and repeat the
experiment for several cycle times 7.

Across all three two-dimensional instances shown in Figs. 5.5-5.7, the
thermodynamic response is sharply localized in the annealing coordinate. For
most values of s, the inferred bath temperature remains close to the baseline
scale set by 11, and the TUR-certified bounds on work and power are small.
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Figure 5.6: Two-dimensional constant instance on Pegasus. Same analysis as
Fig. 5.5. Instance ruggedness broadens the active window and raises the off-window
baseline, while longer cycle times reduce peak magnitudes, consistent with suppressed
finite-time irreversibility.

As s approaches a narrow “active window”, all observables change rapidly and
in concert: the effective temperature rises, the bounds on work and power peak,
and both the mean (AE;)/L and the variance (AE?)/L exhibit a pronounced
CrOSSOVer.

Because TUR bounds depend simultaneously on the drift and fluctuations
of AFE7, the co-occurrence of large mean energy changes and enhanced variance
provides direct evidence that this window corresponds to the regime of maximal
thermodynamic activity. Importantly, this behavior cannot be attributed
to a single statistic alone; it reflects the system’s collective response to the
competition between driver and problem terms.

Thermal operating modes of quantum annealers

Figure 5.8 summarizes the operating mode of the quantum annealer as a
function of two experimentally accessible control parameters: the preparation
inverse temperature 81 and the reverse-annealing turning point s. Each point
in the (51, s) plane is classified into one of four thermodynamic modes: engine,
refrigerator, heater, or accelerator, based solely on the sign structure of the
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Figure 5.7: Two-dimensional CBFM instance on Pegasus. Same analysis as
Fig. 5.5. The effects of ruggedness are most pronounced here, with elevated dissipation
outside the active window and strong sensitivity to cycle time.

cycle-averaged energy exchanges (see 5.1).

A key observation is that the separation between operating modes bends
sharply across a relatively narrow interval of s. Outside this interval, the
annealing cycle acts as a weak perturbation, and the operating mode is governed
primarily by the thermodynamic bias set by S; relative to the effective bath
temperature B2. Inside the window, however, small changes in s substantially
modify excitation production and relaxation pathways, allowing the inferred
work and heat to change sign.

The geometry of Fig. 5.8 therefore encodes the interplay of two independent
controls: the thermal bias determined by the preparation temperature and the
dynamical activation controlled by the annealing schedule. This demonstrates
that the operational mode of a quantum annealer is not fixed but can be
continuously tuned through scheduling design, reinforcing the view of quantum
annealers as programmable non-equilibrium thermal machines rather than
static optimization devices.
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Figure 5.8: Operating-mode phase diagrams of Pegasus and Zephyr. Operating
regimes in the (31, s) plane for (a) Pegasus and (b) Zephyr. Colors denote engine
(E), refrigerator (R), heater (H), and accelerator (A) modes. Color intensity indicates
the ideal Carnot efficiency or coefficient of performance for orientation. Finite-time
operation remains below these ideal limits. Engine operation appears only when the
prepared state is sufficiently hot relative to the bath and when the schedule traverses
the susceptible mid-anneal window.

5.4 Conclusion

In this chapter, we examined quantum annealers from a thermodynamic per-
spective, linking computational performance to physical cost. By modeling
reverse annealing on D-Wave processors as a driven open-system process, we
complemented standard benchmarking metrics with thermodynamically cer-
tified bounds on work, heat, entropy production, and power derived from
experimentally accessible energy statistics.

Using the fluctuation theorem and the thermodynamic uncertainty relations,
we showed that dissipation and energetic activity are sharply localized in
a narrow mid-anneal window, where the driver and problem Hamiltonians
compete most strongly. In both one- and two-dimensional instances, this
window is characterized by enhanced energy fluctuations, elevated effective
bath temperatures, and peaks in the certified bounds on work and power, while
outside it the system operates close to equilibrium at millikelvin temperatures.
These observations are consistent with equilibrium theory and prior studies of
critical and near-critical annealing dynamics.

From a computational standpoint, the thermodynamic analysis clarifies
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the role of schedule design. Mid-anneal pauses can significantly increase
ground-state success probabilities by enabling thermal relaxation, but this
effect depends sensitively on the energy landscape’s structure. In particular,
when the landscape is already strongly biased by an external field, pausing may
become counterproductive. This demonstrates that improvements in success
probability often reflect a trade-off between thermalization and dissipation
rather than purely coherent dynamics.

Finally, by classifying reverse-annealing cycles into distinct operating
modes—accelerator, engine, refrigerator, and heater—we showed that quantum
annealers function as programmable non-equilibrium thermal machines. The
resulting operating-mode diagrams highlight the joint role of thermodynamic
bias and schedule-induced dynamical activation. Overall, this chapter estab-
lishes thermodynamic efficiency as an independent and complementary axis
for benchmarking quantum annealers, providing insight into how performance
gains are achieved and at what physical cost.






Chapter 6

Error Mitigation in Quantum
Annealers Using Reinforcement
Learning

In the realm of quantum annealers, the pursuit of error-handling strategies is
paramount to harnessing the full power of these devices. In this chapter, we
present a new error-mitigation algorithm based on deep reinforcement learning.
First, we will describe the general framework of the proposed method. Next,
we will delve into the details of the employed model. Lastly, we will present
the obtained results.

The introduction to reinforcement learning, the language it uses, and its
standard mathematical framework are in Appendix C.

Author contributions I conceived and designed the reinforcement-learning
based error mitigation framework presented in this chapter, implemented
the computational model and training procedure, performed all numerical
experiments on quantum annealing data, and carried out the analysis and
interpretation of the results.

Relation to published work The material presented in this chapter is
based on previously published work [4]. No new conceptual or experimental
contributions beyond that publication are introduced in this chapter; rather,
the content is integrated here to provide a coherent and self-contained account
within the broader benchmarking framework of the thesis.

87
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Figure 6.1: Overview of our method. Arrows represent consecutive steps. First, we
define the Ising instance. Next, we obtain a candidate solution from a quantum
annealer, where white (black) nodes represent spins with o; = 1 (—1), and edges
represent couplings. In the following step, we encode this instance using a graph
neural network into a matrix of embeddings, where each row z; corresponds to the
embedding of vertex i. This matrix is then passed through a decoder to obtain the
Q-values of actions associated with each vertex. Finally, the spin-flipping procedure
is carried out by flipping spins one by one according to the Q-values and recording
the energy after each step. The solution is the lowest energy state found during this
procedure.

6.1 Reinforcement Learning for Error Mitigation

We employ a standard reinforcement-learning formulation based on a Markov
Decision Process (MDP) [142], in which an agent interacts with an environment
over discrete time steps t = 0,1,...,T. At each step, the agent observes a state
s¢ and selects an action a; from the action set A according to its policy w. The
environment then returns a scalar reward, r;, and transitions the agent to the
next state, s;y1. This interaction proceeds until a terminal state st is reached,
which concludes the episode. The procedure is then repeated for subsequent
episodes.

Ising game

Inspired by “the spin-flipping procedure” from [143|, we propose to treat the
error correction process as a one-player game. In the so-called “Ising Game”, the
board is defined as a given Ising state, that is, spin configuration s = [s1,. .., $p],
graph G, and parameters ((Ji;)(; ), (hi)i ). In each move, the player can choose
one vertex ¢ and “flip” its spin, switching 1 to | or vice versa. The goal of the



6.2. MODEL 89

game is to obtain the lowest possible value of Higj,e within a given number of
moves (denoted k). The limitation is that each spin can be “flipped” only once.
This reduces the action space size from n* to n(n —1)...(n — k + 1).

The score, obtained after the game ends, is defined as the difference between
the lowest energy found during play and the starting energy.

V= Fgart — Fbest

This game can be presented formally in the language of the Markov Decision
Process [144].

Starting at t = 0, the agent flips a single spin at each time step, thereby
transitioning to a new state corresponding to a different spin configuration.
The terminal state s is reached once every spin has been flipped exactly once.
The solution returned by the procedure is the spin configuration ¢ with the
lowest energy encountered during the episode.

6.2 Model

Our model architecture is inspired by DIRAC (Deep reinforcement learning for
spIn-glass gRound-stAte Calculation), an encoder-decoder design introduced
in [143]. It exploits the fact that an Ising model instance is fully specified by
its underlying graph: the couplings J;; are treated as edge weights, while the
external magnetic field h; and spin variables o; are encoded as node features.
The model uses a two-stage process. First, the encoder maps the entire spin-
glass instance to a low-dimensional embedding, assigning each node a vector
representation. Next, the decoder uses these node embeddings to compute the
Q-value for each admissible action, and the agent selects the action with the
highest Q-value. In the following, we will describe these components in detail.

Using graph neural networks to exploit QPU structure

As described above, the Ising spin-glass instance can be formulated in terms
of graph theory. It allows us to employ graph neural networks [145, 146],
neural networks designed to take graphs as input. We use a modified SGNN
(Spin Glass Neural Network) [143] to obtain node embedding. To capture the
coupling strengths and external field strengths (J;; and h;), which are crucial
for determining spin glass ground states, SGNN performs two updates at each
layer: the edge-centric update and the node-centric update.

Let z(; ;) denote the embedding of edge (,7) and z; the embedding of node
1. In the edge-centric update, the embedding vectors of its incident nodes
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are first aggregated (i.e., for edge (7,7) the embeddings z; and z;), and the
result is concatenated with the current edge embedding z(; ;). The resulting
vector is then passed through a nonlinear transformation, for example, the
rectified linear unit ReLU(z) = max(0, z). Mathematically, this update can be
expressed as:

25 = ReLU (v (2f; ) ® da(zf + 7)), (6.1)
where zé“i’j) denotes encoding of edge (i, ) after k layers. Correspondingly, z¥
expresses an analog encoding of node 7. 9 and ¢y are differentiable functions
of parameter set 6. Symbol @ is used to denote the concatenation operation.

The node-centric update is defined in an analogous fashion. It aggregates em-
beddings of incident edges and then concatenates them with the self-embedding
z;. Using notation from EQ. (6.1), the formal description is:

AL ReLU(gg(+5) 0 (EF)), BE =32k . (6.2)
J

Edge features are initialized with the edge weights J;;. Defining suitable
node features is less straightforward, since the node weights h; and spins o;
alone may not be sufficiently informative for the task at hand. Therefore, we
augment the node features with each node’s graph position.

We also include pooling layers that are not present in the original design.
After repeated concatenations, the embedding vectors become high-dimensional,
so pooling is employed to reduce the model’s dimensionality while retaining the
most informative components of each vector. Since every node is a potential
candidate for an action, we refer to the final encoding of node 7 as its action
embedding, denoted Z;. To represent the entire Chimera graph, we use a state
embedding Z; defined as the sum of all node embedding vectors. This simple
aggregation scheme has been shown to be an effective approach to graph-level
encoding [147].

Model training

We trained our model on randomly generated Chimera instances. We found
that the minimal viable size of a training instance is C3. Smaller instances lack
inter-cell couplings, which are essential in the full Chimera topology, resulting
in poor performance. The couplings .J;; and local fields h; were sampled from
a normal distribution N(0,1), and the initial spin configuration was chosen
uniformly at random. To introduce low-energy configurations into the training
set, we applied the following preprocessing step: for each generated instance,
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with probability p = 10%, we performed simulated annealing before passing it
through the SGNN.

Our goal is to learn an approximation of the optimal action-value function
Q(a, s;©). To this end, we employ standard n-step deep Q-learning [148] with
an experience replay buffer [149, 150].

During each episode, the agent generates a trajectory of states, actions, and
rewards

T = (So,ao,To,... ,ST_1,aT_1,’I“T_1,$T), (6.3)

where s7 is the terminal state. From this trajectory, we construct n-step
transitions
i = (8, Qts Tt t4ns Stn) (6.4)

which are stored in the replay buffer B. The n-step return is defined as
n
Tttd4n = Z’)’krwk, (6.5)
k=0
where v € (0, 1] denotes the discount factor.

6.3 Results and discussion

For our experiments, we combined reinforcement learning with simulated an-
nealing. We evaluate a reinforcement-learning—augmented simulated annealing
post-processing method (SAwR) against standard simulated annealing (SA).
Low-energy initial configurations were obtained from the D-Wave 2000Q quan-
tum annealer using default parameters. For each Chimera size Cy4, Cg, Cio,
and C1g (corresponding to 128, 512, 1152, and 2048 spins), 500 random Ising
instances were generated from the same distribution used during training of
the reinforcement-learning agent. Both classical methods were applied to the
same initial quantum annealing samples.

Performance is assessed using two metrics: the probability of improvement,
defined as the fraction of instances for which a lower-energy configuration
than the initial state is found, and the energy improvement, defined as the
difference between the initial energy and the lowest energy obtained during
post-processing. As shown in Fig. 6.2, SAwR achieves a consistently higher
probability of improvement than standard SA across all problem sizes. While
the absolute differences are small, their persistence across sizes indicates a
systematic effect rather than statistical noise. In contrast, the mean energy
improvement shows only marginal differences between the two methods and
remains comparable within statistical fluctuations.
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Figure 6.2: Performance of simulated annealing with reinforcement (SAwR) compared
to standard simulated annealing and greedy search (D-Wave steepest descend). Results
are averaged over 500 random Ising instances for each Chimera size. Left: probability
of finding a configuration with energy lower than the initial quantum-annealing sample.
Right: mean energy improvement, defined as the difference between the initial energy
and the lowest energy found during post-processing.

To assess whether reinforcement learning is necessary, we performed prelim-
inary comparisons with a greedy single-spin-flip hill-climbing heuristic. These
tests indicate that greedy descent frequently becomes trapped in nearby local
minima and performs worse than both SA and SAwR. The reinforcement-
learning agent occasionally accepts locally unfavorable moves that enable
escape from such minima, suggesting that it captures non-trivial structural
information about typical error patterns or local landscape features induced by
the hardware embedding. Overall, the results indicate that reinforcement learn-
ing provides a modest but consistent robustness advantage in post-processing
quantum annealing outputs, without yielding a significant increase in the depth
of energy improvements.

6.4 Conclusion

In this chapter, we investigated a reinforcement-learning approach designed to
enhance the quality of solutions returned by a quantum annealing processor
through post-error correction. The method operates directly on the samples
generated by the annealer and learns to identify and reverse local errors that
frequently arise from noise, imperfect embeddings, or thermal excitations
during annealing. By iteratively refining raw outputs, the agent increases
the probability of recovering true low-energy configurations without requiring
modifications to the annealing schedule or additional hardware calls.

The empirical results indicate that such an agent can, in controlled settings,
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improve success probability and reduce the energy of returned configurations.
However, this study should be regarded as preliminary. The experiments
were conducted on selected instance classes and moderate system sizes, and
the training procedure was tailored to these specific conditions. Questions of
scalability, robustness across diverse problem families, transferability between
devices or embeddings, and stability under different noise regimes remain open.
Moreover, the design of a practically deployable agent would require systematic
investigation of training cost, generalization performance, and integration with
other mitigation or schedule-level optimization techniques. Thus, while the
results suggest that reinforcement learning can be a viable post-processing tool
for quantum annealers, substantial further research is necessary before such
methods can be considered mature or broadly applicable.






Chapter 7

Exact Simulation of Adiabatic
Quantum Dynamics for Small
Systems

On D-Wave quantum annealers, the standard forward-anneal time is specified
in microseconds, but newer systems also expose a fast-anneal protocol that
enables much shorter, effectively nanosecond-scale schedules, intended to probe
“coherent” dynamics rather than optimize best-possible solution quality [151].
In this ultrafast limit, the evolution is generally diabatic (non-adiabatic), and
the environmental interaction is minimal [91, 92].

We assess the fidelity of the exact simulation of the D-Wave quantum
system at ultra-short annealing times. We are especially interested in the effect
of device errors.

Author contributions The author implemented and ran exact closed-system
simulations of the annealing dynamics, augmented the simulator with an
effective control-error (coupling-disorder) model, and conducted corresponding
QPU experiments in the ultrafast annealing regime on native, embedding-
free instances. The author then performed end-to-end data processing and
conducted a distribution-level comparison between simulation and hardware,
quantifying how the effective error model alters agreement and deriving the
chapter’s main empirical conclusions and figures.

Relation to published work This chapter presents original, previously
unpublished work. No results from the author’s publications are reused here.
All results and figures were produced for this dissertation.
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7.1 Simulation of quantum dynamics

Numerical simulations were performed using QuantumAnnealing.jl [152]. It
solves ordinary differential equations arising in dynamic quantum systems.
Specifically, it solves the Schrédinger equation with time-dependent Hamiltonian
H(t), acting over a set of n qubits in natural units:

.d
i [2(0) = H(t) [¥(t)), (7.1)

where H(t) is a quantum annealing Hamiltonian with transverse field Ising
model (see Eq. 2.7), t € [0, 7] is the annealing time, and the initial condition
|W(0)) is given. As we assume natural units, we take & = 1. The used initial
state is:

2(0)) = |%0) = R j§<|¢> ), (7.2)

which corresponds to the state of minimum energy at the beginning of anneal.
When solving equation (7.1) it is useful to write the solution in terms of
the time-evolution operator U (¢, to):

[W(t)) = U(t, to) [¥(to)) (7.3)

where |U(tg)) = |¥p) provides the initial condition for time evolution. The
operator U (t,tp) must satisfy:

i%U(t,to) —HOU(tt), Ulto,ty) = 1. (7.4)

As the system described here is time-dependent, the naive solution:

Ut 1) = exp <—¢ / tH(t)dt) , (75)

to

doesn’t hold. It can be shown that Eq. (7.4) is not satisfied when H(t), H(t')
don’t commute, as is the case here.

The standard approach to solving the time-dependent Schrodinger equation
is to use time-ordered exponential:

Ut to) = T exp <—z' /t:H(t)dt> (7.6)

where T is the time-ordering operator and is defined as ordering [153]:
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T{L(t1),L(t2), .., L(tn)} = L(ta,)L(tay) - .. L(ta,), (7.7)

tay 2tay 2. >tay,

where L(t) is a linear operator. The formula in Eq. (7.6) is computationally
expensive.

Another option is to simulate the evolution of the quantum state |¥(¢))
by Magnus expansion [154]. It is a well-established numerical method for
simulating quantum dynamics [155]. The Magnus expansion solves the system
of ODEs:

Dy = AW |91, [9(0)) = |T). (7.8)

Here we set A(t) = —iH (t). In general, A(t) can be any linear operator. The
solution is given by:

[W(1)) = exp(§2(t)) [W(0))

Q) =D ().
k=1

The full recursive formula for € (¢) can be found in [156]. For our simulations,
we will use the fourth-order Magnus expansion. There are several reasons
for this choice. First, as a single step of the Magnus expansion truncated
to O has error rate ¢ = O(t*+1) [157], Q4 is accurate enough. Additionally,
it captures meaningful time-ordering effects with good precision [158]. As
such, here we will provide the first four terms. It is worth mentioning that
QuantumAnnealing.jl uses by default fourth-order Magnus expansion, and
those functions were independently optimized [152].
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Here [-, -] is the matrix commutator, i.e. [A, B] = AB — BA.

When applied to simulating a quantum system, the operator A(t) is anti-
Hermitian. This means that even when the higher-order terms of (¢) are
omitted to provide an approximation for the full series, this approximation is
still unitary [159]. Therefore, these truncated series are valid quantum operators
and the quantum state obtained by the solver is properly normalized. The
unitary matrices constructed by the Magnus expansion are then applied to
the density operator p(t), using the fact that p(t) = |¥(¢)) (¥U(¢)|. Finally, the
obtained solution is:

p(t) = exp(Q(t))po exp(Q(t)T,  po = p(0). (7.11)

We introduced errors into the simulated system using the error model
presented in Eq. (2.10). For each coupling J;;, we independently generated a
perturbation §.J;; ~ N(0,0) from a normal distribution centered at zero, and
added it to the original value, J;; — J;; 40.J;;. The standard deviation o serves
as a control parameter for the noise strength, allowing us to systematically
tune the magnitude of the effective control errors. Each time we simulated the
instance with errors, we drew 4000 samples and then averaged the results.

This is a Closed System Simulation (CSS), meaning it ignores interactions
with the environment, including thermal ones. As we showed in an earlier
chapter, there are interactions between the QPU and its environment. This
implies that some inaccuracy in the simulation is expected.
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Figure 7.1: Example of a natural embedding of complete graph K, into a Pegasus
unit cell

QPU data collection

For the experiments, we generated 40 random K, Ising instances with couplings
only, i.e., fully connected four-spin graphs with h; = 0. These instances embed
natively into a Pegasus topology (example embedding shown in Fig. 7.1),
eliminating embedding overhead and keeping the study focused on intrinsic
device dynamics.

Our goal was to select problems that exhibit nontrivial diabatic behavior in
the fast-anneal regime, rather than instances whose output distribution effec-
tively equilibrates too quickly. To this end, we drew couplings J;; independently
from a uniform distribution on [—1, 1] and performed a screening simulation
for each candidate instance using a closed-system Schrédinger evolution imple-
mented in QuantumAnnealing.jl. We computed the ground-state probability
as a function of the annealing time 7, and retained only instances for which this
dependence indicated sufficiently slow relaxation (i.e., ground-state probability
did not trivially saturate at short 7).

During data collection, we tiled the QPU with many disjoint copies of each
K, instance, so that nearly all available qubits were active while ensuring that
no two copies overlapped. This approach leverages the full chip in each run and
averages over local fabrication-induced inhomogeneities, reducing the sensitivity
of the results to imperfections in any particular region of the device.
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Performance metric

In our considerations, we are interested in the distributions of states returned
by the simulation and the quantum annealer. Due to the small size of the
instance, we can track the evolution of all possible classical states. We will
focus on the ground state of the instance, which is easy to find via brute force
search. The main performance metric will be the probability of finding the
ground state.

In addition to the ground-state probability, we compare the full output
distributions using two additional metrics. The first is the total variation
distance (TVD) between the simulated distribution Py, and the empirical
QPU distribution Piyave, defined as

1
TVD = 5 ze; | Psim(8) — Pawave(s)] s (7.12)
S

where S is the set of all computational-basis spin configurations. In our case, for
a K4 problem |S| = 2*. The simulated probabilities are obtained from the final
density operator as Psim(s) = (s| p(7) |s). The QPU probabilities are estimated
from measurement outcomes by the relative frequencies, Pyyave(S) =~ n(s)/N,
where n(s) is the number of times state s was observed in N annealing runs.

The second distribution-level metric is the classical fidelity between Py
and Pjyave, defined as:

F = (Z V/ P (5) Pdwave(s)> : (7.13)

seS

To model control errors, for each coupler (i,5) € £ we draw an independent
Gaussian perturbation 6.J; ; ~ N(0,0) and construct a perturbed instance by
modifying the original couplings (e.g., j” = Jij + 6J;;). We then run the
simulation for this modified model. The entire procedure is repeated M = 4000
times, and all reported quantities are averaged over the resulting ensemble.

7.2 Results

Figure 7.2 summarizes distribution-level agreement between the closed-system
simulation and the QPU as a function of the fast-anneal duration 7. We report
the median of the total variation distance (TVD) and the classical fidelity
F between Papy and Pyyaye for several strengths of the coupling-noise model
parameterized by o. Figure 7.3 shows the corresponding median ground-state
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probability, which provides an easily interpretable marginal statistic of the
same distributions.

In the absence of control errors (¢ = 0), the simulation systematically
overestimates the ground-state probability (Fig. 7.3) and the disagreement with
the measured output distribution increases with 7: TVD rises from = 0.18 at
5ns to & 0.37 at 30 ns, while the fidelity drops from ~ 0.92 to ~ 0.76 (Fig. 7.2).
Introducing coupling disorder improves the agreement monotonically. The
best overall match across all metrics is obtained for ¢ ~ 0.10, where TVD is
reduced to = 0.08-0.11 and the fidelity increases to =~ 0.97-0.99 over the full 7
range (Fig. 7.2). In the same setting, the simulated and measured ground-state
probabilities nearly coincide for 7 2 15ns (Fig. 7.3).

The value ¢ ~ 0.1 is substantially larger than typical expectations for
intrinsic ICE on these devices [16, 93, 160]. Importantly, in the present closed-
system model o should therefore be interpreted as an effective disorder strength
that compensates for missing physical effects rather than as a direct estimate
of the hardware calibration error. Plausible contributors include residual open-
system relaxation during the fast anneal, correlated and/or biased control errors
not captured by independent Gaussian coupler noise, and global miscalibration
(e.g., an effective scale factor in the implemented Hamiltonian). Disentangling
these mechanisms would require extending the model beyond CSS and /or fitting
an additional global rescaling parameter alongside the ICE-like perturbations.
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Figure 7.2: Median total variation distance (left) and classical fidelity F (right)
between the simulated output distribution Py, and the empirical QPU distribution
Piwave as a function of the fast-anneal duration 7. Each curve corresponds to a
coupling-noise strength ¢ in the ICE model. For each instance, simulated quantities
are averaged over M = 4000 independent noise realizations and the plotted points
show the median over 40 random K, instances. Lower TVD and higher F indicate
better agreement.
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Figure 7.3: Median ground-state probability as a function of the fast-anneal duration
7, comparing QPU measurements (blue) with closed-system simulations (red). Each
panel corresponds to a different coupling-noise strength ¢ in the ICE perturbation
model. Simulated values are averaged over M = 4000 noise realizations per instance
and the median is taken over the same set of 40 random K, instances.

7.3 Conclusion

In this chapter we evaluated how accurately an exact closed-system simulation
reproduces the output statistics of D-Wave’s ultrafast (nanosecond-scale) anneal-
ing protocol. Using fourth-order Magnus integration in QuantumAnnealing. j1,
we simulated the full unitary dynamics of small native K, instances and com-
pared the resulting measurement distributions with QPU data using ground-
state probability, total variation distance, and classical fidelity.

Across the tested annealing times, the best agreement between simulated
and experimental distributions was obtained only after introducing relatively
strong effective coupling disorder, with an optimal match around ¢ = 0.1.
Because this value exceeds typical expectations for intrinsic control errors, it
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should be interpreted as an effective parameter that likely absorbs additional
discrepancies beyond the independent Gaussian ICE model, including residual
open-system effects in the fast-anneal regime and possible global calibration or
scale-factor mismatches. Overall, the results indicate that exact closed-system
simulation captures qualitative features of the diabatic dynamics on small
instances, but quantitative agreement with hardware distributions requires
extending the model to include more realistic error channels and, potentially,
dissipative dynamics.






Chapter 8

Summary

The work presented in this thesis aims to assess quantum annealers as computa-
tional devices for hard Ising and QUBO optimization, in direct comparison with
advanced classical and quantum-inspired methods, while maintaining explicit
tracking of the underlying physics and errors. Within this broad goal, the thesis
combines algorithmic development, systematic benchmarking, thermodynamic
analysis, and machine-learning-based error mitigation into a coherent narrative
that spans from abstract models to concrete devices.

A central methodological contribution of this thesis is the development of
SpinGlassPEPS. j1, a tensor-network-based solver that operates directly on
the native geometries of contemporary quantum annealers. Building on earlier
work [41], the solver implements a branch-and-bound search in probability
space guided by approximate PEPS contractions. By exploiting sparse ten-
sor representations, clustering, and GPU acceleration, it can handle Pegasus-
and Zephyr-type graphs without embedding overhead. Within the thesis,
SpinGlassPEPS. j1 serves as a topology-aware classical baseline, enabling struc-
turally aligned comparisons with quantum annealers and providing access to
low-energy spectra, localized excitations, and droplet structures.

Using this solver, the thesis presents a systematic benchmark of D-Wave
quantum annealers against selected classical baselines, including simulated
bifurcation machines. The benchmarks focus on random spin-glass instances
defined directly on Pegasus and Zephyr graphs, with system sizes reaching
several thousand spins. Performance is assessed using multiple complemen-
tary metrics, including the diversity of low-energy states, to capture both
optimization performance and sampling behavior.

The results demonstrate that SpinGlassPEPS.jl provides a strong and
physically interpretable classical reference, but also exposes its practical lim-
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itations. For the largest random instances, the approximate tensor-network
contractions required for scalability introduce errors that prevent the solver from
matching the solution quality of highly optimized GPU-accelerated heuristics
within comparable runtimes. Consequently, tensor-network methods currently
play a more effective role as topology-aware benchmarking and analysis tools for
small-to-medium scale problems, rather than as wall-clock-competitive solvers
for the largest instances. These findings clarify the regime in which tensor-
network approaches are most informative for evaluating quantum annealing
hardware.

A third pillar of the thesis is a physical, thermodynamic view of quantum
annealing. By treating the annealer as a thermodynamic machine driven along
a programmable schedule, the work relates success probability and solution
quality to quantities such as energy dissipation, entropy production, and
effective temperature. The results demonstrate that carefully chosen pauses can
simultaneously enhance computational performance and reduce thermodynamic
cost relative to simple reverse annealing, while also revealing regimes in which
the applied longitudinal field becomes detrimental once pausing is introduced.

This thermodynamic lens reveals that annealing time and schedule shape are
not merely tuning parameters for optimization, but fundamental control knobs
that balance coherence, thermalization, and energetic overhead. It suggests
that future benchmarking of quantum hardware should routinely incorporate
physical efficiency metrics alongside purely algorithmic ones.

The final main component of the thesis is practical: a reinforcement-learning-
based post-processing strategy for mitigating errors in quantum annealers. Here,
the outputs of a D-Wave device are treated as inputs to an RL agent that
learns how to navigate the local energy landscape by flipping spins in a way
that systematically corrects typical error patterns. Once trained, the agent
improves both success probability and energy accuracy across test instances.

The method integrates naturally as an extra step in a standard anneal-
ing workflow and is orthogonal to hardware-level improvements. It exploits
structure in observed errors without requiring modifications to the underlying
QPU and can be iterated multiple times or combined with other mitigation
techniques. This illustrates how modern learning techniques can be used to
“wrap” noisy quantum devices in adaptive classical controllers.

The technical appendices complement the main narrative by collecting
background material that underpins these results. The introduction to tensor
networks, including notation, matrix-product states, and PEPS, is presented in
Appendix B. It provides the conceptual and mathematical tools required to
follow the construction of SpinGlassPEPS. j1. Likewise, Appendix C focuses on
deep reinforcement learning, including countable Markov decision processes and
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value-based methods. It supplies the formal framework behind the RL-driven
error-mitigation pipeline. Finally, Appendix D presents the physical properties
of D-Wave’s quantum annealing devices used in this work.

8.1 Future work

Several concrete directions for future research follow from this synthesis. On the
methodological front, further development of SpinGlassPEPS. j1 can proceed
along three complementary directions that strengthen its role as a QPU-aligned
classical baseline. First, the feature set can be broadened by incorporating
alternative PEPS contraction schemes, such as Corner Transfer Matrix ap-
proaches [122, 161], extending the range of supported quasi-2D geometries of the
Potts Hamiltonian (for example, Lechner-Hauke-Zoller architecture [124]), and
adding routines for estimating thermodynamic quantities like approximate free
energies [125]. Second, enabling multi-GPU execution in the workflow of the
software will require a careful re-examination of the underlying tensor-network
algorithm [2| to identify the most efficient use of hardware, in particular, whether
parallelism is best achieved by contracting different parts of the network concur-
rently or by splitting large tensors across several devices and processing them
sequentially. Finally, automating the embedding of Ising and QUBO instances
into the Potts representation relevant for Pegasus and Zephyr graphs [162, 163|
would remove a manual step currently required from the user.

Thermodynamically, the efficiency framework developed here could be
applied to newer Pegasus and Zephyr-based devices. These architectures
offer higher connectivity, improved noise characteristics, and more complex
structures, making them well-suited for probing the trade-off between energetic
performance and computational complexity in a more realistic setting. This
would enable systematic tests of how the energetic “cost of computation” scales
with connectivity, noise properties, problem structure, and system size, and
would help assess the scalability of our findings to larger-scale quantum systems.

Finally, the reinforcement-learning-based mitigation could be enhanced by
integrating it with run-time controls of the annealing schedule.
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Appendix A

Quantum Computing
Conventions

This appendix fixes the basic notation used throughout the thesis for qubits
and Hamiltonians relevant to quantum annealing. We set h = 1.

A.1 Qubits and computational basis
An N-qubit register is described by the Hilbert space
1= (C?)*N, (A.1)

We use Dirac notation |1) € H and (| = |)T. The computational basis is
the common eigenbasis of all o7. For a single qubit we use the o* eigenstates

m=|o].  w=1{] (A2)
with eigenvalue equations
I =411, Tl =—1- 4. (A.3)
A computational-basis configuration of N qubits is a tensor product
[8) =[s1) ®[s2) @---@[sn), s € {11}, (A4)

equivalently labeled by classical Ising spins s; € {+1,—1} via +1 = |1) and
1= ).
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124 APPENDIX A. QUANTUM COMPUTING CONVENTIONS

A.2 Pauli operators and locality

The Pauli matrices are

azz{é _OJ o [(1) é] (A.5)

For an operator acting on qubit ¢ we write

o = %01 g 52 g [®(N_i), a € {x,z}, (A.6)

i.e., 0% on site ¢ and the identity I on all other sites.

A.3 Annealing Hamiltonians and the classical energy

Quantum annealing implements a time-dependent Hamiltonian interpolating
between a driver (transverse-field) term and a problem (Ising) term. We write

H(t)=H(s(t)), s(t) €10,1], (A.7)

and use the standard Ising problem Hamiltonian (diagonal in the computational
basis)

N
Y Jyoioi+> hiof, (A.8)
(i,J)EE i=1

together with a transverse-field driver, typically of the form

N
=-> of. (A.9)
=1

A common schedule parametrization is H(s) = A(s)Hx + B(s)Hp (up to
conventional prefactors), where A(s) decreases and B(s) increases with s.

Because Hp is diagonal in the computational basis, each measurement
outcome |s) corresponds to a classical Ising configuration s € {+1}"V with
energy

E(s)=(s|Hpls)= Y_ Jijsis; +Zh S, (A.10)
(i.5)eE

where s; = 41 for [1) and s; = —1 for ||). Thus, sampling in the computational
basis returns classical spin configurations.
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For completeness, if binary variables z; € {0, 1} are used (QUBO notation),

we employ the standard mapping
s+ 1
2 9y

S; = Q.TZ' — 1, Xr; = (A.ll)

which relates bitstrings to o* outcomes.

A.4 Dynamics and expectation values

Closed-system unitary dynamics are governed by the Schrédinger equation

. d
1o [U(@) = Ht) (D) (A.12)

For any observable O, its expectation value in state ) is (O) = (¢| O [¢). In
practice, quantum annealers are open systems; nevertheless, the conventions
above define the operators, basis, and the classical energy function used to
interpret measured samples.






Appendix B

Introduction to Tensor Networks

Tackling complicated structures of modern QPUs requires employing advanced
tensor-network techniques. To help better understand the inner workings of the
presented algorithm, we dedicate part of this chapter to introducing the basics
of tensor networks. We will describe the notation used, tensor diagrams, and
common tensor structures. We want to stress that this section is not designed
as a comprehensive introduction. The goal is to give context to the presented
algorithm. For interested readers, we recommend the following works [106, 114,
121, 164-166], which are the basis for this section.

B.1 Notation and Terminology

Tensors are mathematical structures that describe multilinear relationships
between objects [167]. They can be commonly thought of as multidimensional
arrays of numbers. For our needs, a tensor is defined as a set of numbers labeled
by N indices, where N is called the order! of the tensor [106]. For example, a
scalar (z) is labeled as a zero index and called a Oth-order tensor. Similarly, a
vector is a lst-order tensor, a matrix is a 2nd-order tensor, etc.

Definition B.1.1 (Index Contraction [114]). An index contraction is the sum
over all the possible values of the repeated indices of a set of tensors.

For example, the matrix product of A and B can be expressed as:

D
Cir = > _ AijBjy. (B.1)
j=1

'In the literature, one may find the term rank used instead
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128 APPENDIX B. INTRODUCTION TO TENSOR NETWORKS

This is the contraction of index j, which amounts to the sum over its D possible
values. Thus, matrix multiplication is a contraction between two 2nd-order
tensors at one shared index. It is possible to have a more complicated case:

D1 Dy Ds
Dijk = Z Z ZAlijilnCnmk- (BQ)
=1 m=1n=1
Here, we are contracting multiple indices with a different number of possible
values D;. Indices that are left after contraction (in equation (B.2) these are
indices i, j, and k) are called open, and contracted ones are called bond or
auxiliary indices. The number D of possible values that an index can have is
called the bond dimension. Additionally, in cases where tensors are describing
some physical system, the open indices are often called physical (as they
correspond to some physical quantity or observable). Similarly, bond indices
are called virtual indices. Additionally, when describing index contractions, the
sum symbols are often omitted as they are obvious from the context.

Definition B.1.2 (Tensor Network [114]). A Tensor Network (TN) is a set
of tensors where some, or all, of its indices are contracted according to some

pattern. Contracting the indices of a TN is called, for simplicity, contracting
the TN.

It is convenient to use diagrammatic notation when dealing with tensor
networks. They are represented by a diagram where tensors are denoted by
shapes and indices are represented by lines emerging from the shapes. Thus, a
TN is expressed as a collection of shapes connected by lines. If two tensors are
connected by a line, then their common index is contracted. If a line connects
to only one tensor, it represents an open index. Sometimes used shapes and
direction of legs may carry additional meaning [164, 168], however, in general,
neither carries any special significance.

o —o—

Scalar Vector Matrix 3rd-order Tensor

Figure B.1: The graphical representation of scalar, vector, matrix, and 3rd-order
tensor in diagrammatic notation

It is very important to note that the total number of operations that must
be done in order to obtain the final result of a TN contraction depends heavily
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Figure B.2: Example of how the order of index contraction influences the computational
cost of tensor network contraction. B.2a Contraction of a small tensor network
consisting of three tensors {4, B, C'} into a tensor F. The tensor A and B are D x D
matrices and C'is a D-element vector. B.2b The cost of the following sequence in (b)
is O(D? + D?) = O(D?). B.2c The cost from (c) is O(2D?) = O(D?).

on the order in which indices in the TN are contracted [165]. In general, the
computational cost of pairwise tensor contraction between tensors A and B
can be expressed as:

\dim(A)| x |dim(B)|

[dim(ANB)| (B3)

cost ~

where |dim(A)| denotes total dimension of A (i.e., the product of its index
dimensions) and |dim(A N B)| the total dimension of the shared indices. For
example, the cost of matrix multiplication in (B.1), assuming that each index
dimension has size D, is:

(D x D) x (D x D)
o -

) - o)

Here, we use standard asymptotic O notation. The example of how the
order of index contraction influences the computational cost of tensor network
contraction is presented in Fig. B.2.
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B.2 Matrix Product States (MPS)

The Matrix Product States (MPS) [169], also called “Tensor Train” in liter-
ature [170], is a simple, but powerful one-dimensional TN state [106]. This
is because it is a fundamental tool in many methods for simulating 1D quan-
tum many-body systems, such as the Density Matrix Renormalization Group
(DMRG) [171, 172|, Time-Evolving Block Decimation (TEBD) [173], and
Product Wave Function Renormalization Group (PWFRG) [174].

Definition B.2.1 (Matrix Product State (MPS) [114]). The MPS is a TN
formed by the contraction of IV tensors arranged into a one-dimensional chain
(see Fig. B.3). In an MPS, there is one tensor per site in the many-body system.
The connecting bond indices that glue the tensors together can take up to D
values, and the open indices correspond to the physical degrees of freedom of
the local Hilbert spaces, which can take up to p values.

Given a general pure quantum state on a 1D lattice with N sites:

W)= > Coponlor,...,0n), (B.4)

01,--,0N

the MPS representation of its coefficients is [106]:

1 2 N—-1 N
Ca’lw-,O'N - Z Az[n],mA([fg],mag e AL‘N_l],aN_QaN_lA([TN},aN7 (B5)

a1,..,GN -1

where Af,i,aF L.a; are tensors obtained by repeatedly applying SVD (or QR)
decomposition to the coefficient matrix Cy, ., [172]. In fact, the MPS given
by equation (B.5) has an open boundary condition, and can be generalized to

a periodic boundary condition as:

1 2 N-1 N
Ca'l,m:O'N - Z A([Jj],a]\ralA([Tg],alaz e Az[TN_l],aN_gaN_lAz[TN},aN7 (B6)

a1,..,GN -1

where all tensors are third order. The graphical representation of MPS is
presented in Fig. B.3.

B.3 Projected Entangled Pair States (PEPS)

The PEPS [175] tensor network is the natural generalization of MPS to higher
spatial dimensions. In general, it can be defined on any N-dimensional regular
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Figure B.3: The graphical representation of 4-site MPS with open boundary conditions.

lattice [106], but here we will focus on the two-dimensional case. PEPS is at
the core of several methods for simulating two-dimensional quantum lattice
systems, such as Tensor Renormalization Group (TRG) [176] or Corner Transfer
Matrices (CTM) and Corner Tensors methods [177, 178]. In this work, we
will consider only two-dimensional rectangular lattices. Of course, one can
also define PEPS on other types of lattices, such as honeycomb, triangular,
kagome, etc. [114] However, the SpinGlassPEPS algorithm and software employ
rectangular lattices, and they will be the focus.

Definition B.3.1 (Projected Entangled Pair States (PEPS) [114]). The PEPS
is a TN formed by the contraction of K tensors arranged into an N-dimensional
regular lattice (e.g. square grid, honeycomb, triangular, etc.). In a PEPS, there
is one tensor per site in the many-body system. The connecting bond indices
that glue the tensors together can take up to D values, and the open indices
correspond to the physical degrees of freedom of the local Hilbert spaces, which
can take up to p values.
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Figure B.4: Graphical representation of PEPS tensor network on a 3 x 4 rectangular
grid. It is worth noting that tensors can have different orders depending on their
position on the grid. The boundary ones are 3rd-order (corners) or 4th-order, while
those "inside" are 5th-order tensors.



Appendix C

Basics of Deep Reinforcement
Learning

Reinforcement learning (RL) is one of the three major machine-learning
paradigms, alongside supervised and unsupervised learning. In RL, an agent
improves its decision-making by interacting with an environment and receiving
feedback in the form of scalar rewards. In contrast to supervised learning, RL
does not assume access to labeled input—output pairs; instead, the agent must
discover which actions lead to high long-term reward through trial and error,
while balancing exploration and exploitation [142, 179].

- Agent
state reward action
Sy R, Ay
| Rt
i : Environment ]4—
c

Figure C.1: Schematic RL loop. At each discrete time step ¢, the agent observes
a state Sy, selects an action A; according to a policy 7, receives a reward Ry, and
transitions to a next state Sii1.
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C.1 Markov decision processes

Throughout this dissertation we consider the standard RL setting formalized
as a Markov decision process (MDP) [142, 179]. Time is discrete, t = 0,1, ...,
and the environment evolves in response to the agent’s actions.

Definition C.1.1 (Markov decision process [142, 179]). An (episodic) MDP is
a tuple
M= (S, A Pr-~), (C.1)

where S is a (typically finite or countable) state space, A is an action space,
P(- | s,a) is a transition kernel over S, 7 : S x A x § — R is a (possibly
stochastic) reward mechanism, and v € (0,1] is the discount factor. The
Markov property states that the conditional distribution of (sy41,7;) depends
on the past only through the current pair (s, at).

In many texts, the reward is modeled as part of the transition kernel. This
is particularly convenient for countable state spaces. Following [179], one can
equivalently define a transition probability kernel Po(- | s,a) over § x R, which
jointly specifies the next-state and immediate-reward distribution. From Py,
the state transition kernel and the expected immediate reward are obtained as

P(s' | s,a) = / Po((s',p) | s,a) dp, (C.2)
R
7(s,a) =Elry | st = s,a, = a] = Z / p Po((s/,p) | s,a) dp. (C.3)
s'eS R
Episodes and return. An episode is a trajectory (so, ag, 70, S1, 1,71, - - -, ST)

that terminates at a terminal state sp. The (discounted) return from time ¢ is

T—t—1
R = Z ﬂykrtJrk. (C4)
k=0

The discount factor v controls how strongly the agent prefers immediate rewards
over delayed rewards; v < 1 also ensures that the infinite-horizon return is
well-defined for continuing tasks [142].

C.2 Policies and value functions

A policy is a rule for selecting actions. We allow stochastic policies 7(a | s),
which define a probability distribution over actions in each state. A deterministic
policy is a special case where 7(a | s) is a point mass.
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State-value and action-value functions. For a policy 7, the state-value
function and action-value function are defined as [142]

VT(s) =Ex[R: | st = s], (C.5)
Q" (s,a) =Ex[R; | st = s, ax = a], (C.6)

where the expectation is taken over trajectories generated by following policy
7w and the environment dynamics. The optimal value functions are

V*(s) = max V7" (s), Q*(s,a) = max Q" (s,a). (C.7)
™ s
Any policy that is greedy with respect to Q* is optimal.

Bellman equations. Value functions satisfy recursive (Bellman) relations
[142, 180]. For any fixed policy m,

V7T(s) = Z Z P(s'| s,a) ( (s,a s)+’yV’T(s/)), (C.8)

acA s'eS
ZPS\S(I(S(IS +WZ (a'] Q™ (s, a)) (C.9)
s'eS a’c€A

Optimal values satisfy the Bellman optimality equations,

V*(s) = max P(s' | s,a) (f(s,a,s') +7V*(s')), (C.10)
s'eS
%P s'| s,a) ( (s,a s)—l—’yaggﬁQ*(s/,a’)). (C.11)

C.3 Model-based vs. model-free learning, and
on-policy vs. off-policy

A central distinction in RL is whether the agent has (or learns) an explicit
model of the environment dynamics [142, 179].

e Model-based RL uses (known or learned) P and r to plan, e.g., by
dynamic programming, tree search, or trajectory rollouts.

e Model-free RL does not explicitly build P; instead it learns value
functions and/or policies directly from experience.

Another key distinction concerns which policy generates data:
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e On-policy methods learn about the same policy that is used to act (e.g.,
SARSA).

e Off-policy methods learn a target policy from data collected by a different
behavior policy (e.g., Q-learning), enabling experience reuse and more
flexible exploration.

C.4 Value-based methods and temporal-difference
learning

In many applications, directly computing Q* is infeasible due to large state
spaces. Value-based RL therefore relies on sample-based updates. Temporal-
difference (TD) learning combines bootstrapping (using current value estimates)
with Monte Carlo sampling [142].

TD error. Given an estimate (s, a), the one-step TD error is
(St =71+ ’szé%X Q(St+1, CLI) — Q(St, at), (C12)

where the maximization corresponds to greedy control (off-policy). In tabular
settings, Q-learning performs the update

Q(St, at) < Q(st,at) -+ aét, (Clg)

with stepsize a > 0.

Deep Q-learning. In deep RL, ) is represented by a neural network
Q(s,a; ©) with parameters ©. A standard training objective is the squared TD
error (a regression loss) [142]:

L(©) = E[(yt — Q(st, a3 9))2}, ye =1+ ymax Q(se, a;07), (C.14)

where ©~ denotes parameters of a (slowly updated) target network. In practice,
stability is improved by (i) experience replay, which trains on minibatches
sampled from a buffer of past transitions, and (ii) the target network, which
reduces harmful feedback loops during bootstrapping.

Exploration. Value-based agents typically use stochastic exploration strate-
gies, such as e-greedy action selection: with probability € choose a random
action, otherwise choose a = argmax, Q(s,a’). Other approaches include
Boltzmann /softmax policies and explicit exploration bonuses [142].



C.5. POLICY GRADIENTS AND ACTOR-CRITIC METHODS 137

C.5 Policy gradients and actor—critic methods

An alternative to value-based control is to directly optimize a parameterized
policy me(a | s). Let J(©) denote the expected return from an initial-state
distribution. Policy gradient methods estimate Vg J(0O) from sampled trajec-
tories and apply stochastic gradient ascent [142, 179]. A classical estimator

uses
T-1

Vo (©)~ Y Velogme(a | s:) (Ri — b(sy)), (C.15)
t=0
where b(s) is a baseline (often V7 (s)) that reduces variance without biasing the
gradient. Actor—critic methods combine an actor (the policy) with a critic (a
learned value function) to provide low-variance learning signals via TD errors
[142].






Appendix D

Physical Properties of Used
D-Wave Machines

D-Wave reference results for the Pegasus instances were obtained using the
Advantage system6.1, while Zephyr instances were solved on the Advan-
tage2 prototypel.l. The properties of both machines are detailed in Table D.1.
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Table D.1: Physical properties of the D-Wave Advantage system6.1 machine and Advantage2 prototypel.l

7 Parameter Advantage system6.1 | Advantage2 prototypel.l
Qubits 5616 563
Couplers 40135 4790
Qubit temperature (mK) 16.0 £0.1 13.9£1.0
Marm (pH)® 1.554 0.582
L, (pH)? 382.180 142.920
Cy (fF) © 118.638 169.388
I. (uA)? 1.994 4.083
Average single qubit thermal width (Ising units) | 0.221 0.117
FM problem freezeout (scaled time) 0.073 0.015
Single qubit freezeout (scaled time) 0.616 0.619

Loy (Po)° —0.624 —0.686
ol (@) —0.723 —0.766
Readout time range (us)? 18.0 to 173.0 15.0 to 48.0
Programming Time” (ys) ~ 14200 ~ 5500
QPU delay time per sample (us) 20.5 21.0
Readout Error Rate’ < 0.001 < 0.001

“Maximum available mutual inductance achievable between pairs of flux qubit bodies.

®Qubit inductance.
“Qubit capacitance.
4Qubit critical current.

°Initial value of the external flux applied to qubit compound Josephson-junction structures at the start of an anneal (s = 0).

fFinal value at the end of an anneal (s = 1).

9Typical readout times for reading between one qubit and the full QPU.

hTypical for problems run on this QPU. Actual problem programming times may vary slightly depending on the nature of the

problem.

‘Error rate when reading the full system.
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